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1. Description: We have studied electromagnetism in two courses before:
General Physics II (freshman) and Electromagnetism (sophomore). What
1s new in this course? Electrodynamics will deal with the “same”
Maxwell equations but from a more in-depth perspective. We are going to
introduce a powerful tool, the Green function, to solve the electrostatic,
magnetostatic, and even electromagnetic problems. To do that, we
unavoidably have to learn the mathematics in spherical and cylindrical
coordinates.

2. Textbook and References:

J. D. Jackson, “Classical Electrodynamics”, 3™ edition.

— D. J. Griffiths, Introduction to Electrodynamics, 4™ edition.
— R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures
on Physics.

3. Time: Tuesdays (10:10-12:00) & Thursdays (10:10-12:00)
150 min will be used for lecturing. Others may be used for Q& A, quiz, etc.

4. Classroom: Physics Building R124 (69.5 3% )



5. Homework: Doing homework 1s the best way to master the
concepts of Electrodynamics. Some of the homework problems
might be appeared 1n the exam.

6. Conduct of Class : Lecture notes will be projected sequentially
on the screen during the class. Physical concepts will be emphasized,
while algebraic details 1in the lecture notes will often be skipped.
Questions are encouraged. It 1s assumed that students have at least
gone through the algebra 1n the lecture notes before attending classes
(important!).

7. Grading Policy:

Midterm (~40%); Final (~40%); Quiz (~20%). Class participation
will be graded (~5%). The overall score will be normalized to reflect
an average consistency with other courses.



8. Lecture Notes:

Starting from basic equations, the lecture notes follow Jackson
closely with algebraic details filled 1n.

Equations numbered in the format of (1.1), (1.2)... refer to Jackson.
Supplementary equations derived in lecture notes, which will later be
referenced, are numbered (1), (2)... [restarting from (1) in each
chapter.] Equations in Appendices A, B...of each chapter are
numbered (A.1), (A.2)...and (B.1), (B.2)...

Page numbers cited in the text (e.g., p. 120) refer to Jackson.

Section numbers (e.g., Sec. 1.1) refer to Jackson. Main topics
within each section are highlighted by boldfaced characters. Some
words are typed 1n italicized characters for attention. Technical terms
which are introduced for the first time are underlined.




9. Others:

» Electrodynamics is one of the most important courses for graduate
students. After class, you had better spend at least 12 hours per
week on this course.

» Those who have good grades can be waived from the Ph.D.
qualifying examination. Good grades mean that the score 1s A— or
better, and the overall ranking is in the top 30%.



Week Date Content
— [09/02 () [Introduction, evaluation etc. & Chap.1 Introduction to Electrostatics
09/04 (P4) |Chap.1 Probs. 3, 4,5
— [09/09 () Probs. 6, 8, 9
09/11 (P4) Probs. 14, 16, 17
= [09/16 (=) |Chap.2 Boundary-Value Problems in Electrostatics I
09/18 (P9) Probs. 1,2.3
g 109/23 (7)) Probs. 4, 5,9
09/25 (V) | Chap.3 Boundary-Value Problems in Electrostatics I Probs. 23, 26
F ]09/30 () Probs. 1,2, 3
10/02 (P4) Probs. 6, 7,9
75 |110/07 () Probs. 16, 20, 22
10/09 (P9) | Chap.3 and Quiz #1 Chaps. 1-3
1+ |10/14 () [Chap.4 Multiples, Electrostatics of Macroscopic Media, Dielectrics
10/16 (P4) Probs. 1, 2
JU 1021 (7)) Probs. 7, 8
10/23 (1Y) Probs. 10, 12
JL |10/28 (—) [Midterm Chs.1—4
10/30 (PU) | Chap.5 Magnetostatics, Faraday's Law, Quasi-Static Fields Probs. 1-3
+  [11/04 (&) Probs. 1, 3, 6
11/06 (V4) Probs. 11, 15, 19
+— [11/11 (%) Probs. 20, 22, 30
11/13 (P4) | Chap.6 Maxwell Equations, Macroscopic Electromagnetism, Conservation
+= [11/18 () Probs. 8, 10
11/20 (PY) Probs. 11, 12
= |11/25(2) Probs. 15, 19
11/27 (P4) | Chap.6 and Quiz #2 Chaps. 5-6
+Pd [12/02(—) |Chap.7 Plane Electromagnetic Waves and Wave Propagation
12/04 (P9) Probs. 2, 3, 4
+H |12/09 (7) Probs. 6, 13
12/11 (PH) Probs. 14, 28
+75 [12/16 () Make up if necessary

12/18 (JU)

Final Chs.5-7

Schedule

This table is for your reference only.

The practical schedule will depend on
the students' learning condition.



Grading Class Participation (5%)

Participation is graded on a scale from 0 (lowest) through 5 (highest), using the criteria below. The criteria focus on what you
demonstrate and do not presume to guess at what you know. This is because what you offer to the class is what you learn from. I
expect the average level of participation to satisfy the criteria for a “2-3”.

Grade Criteria
0 O Absent
1 O  Present
O  Tries to respond when called on but does not offer much.
O Demonstrates very infrequent involvement in discussion.
2 O  Does not offer to contribute to discussion, but contributes to a moderate degree when called on.
O  Demonstrates sporadic involvement.
O Demonstrates adequate preparation: knows basic case or reading facts, but does not show evidence of trying to
3 interpret or analyze them.
O  Offers straightforward information (e.g., straight from the case or reading), without elaboration or very infrequently
(perhaps once a class).
O  Demonstrates good preparation: knows case or reading facts well, has thought through implications of them.
O  Offers interpretations and analysis of case material (more than just facts) to class.
4 O  Contributes well to discussion in an ongoing way: responds to other students’ points, thinks through own points,
questions others in a constructive way, offers and supports suggestions that may be counter to the majority opinion.
O Demonstrates consistent ongoing involvement.
O Demonstrates excellent preparation: has analyzed case exceptionally well, relating it to readings and other material
(e.g., readings, course material, discussions, experiences, etc.).
O  Offers analysis, synthesis, and evaluation of case material, e.g., puts together pieces of the discussion to develop new
5 approaches that take the class further.
O Demonstrates ongoing very active involvement.
O  Contributes in a very significant way to ongoing discussion: keeps analysis focused, responds very thoughtfully to

other students’ comments, contributes to the cooperative argument-building, suggests alternative ways of
approaching material and helps class analyze which approaches are appropriate, etc.
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Chapter 1: Introduction to Electrostatics

1.8 Green’s Theorem
Green's theorem, a powerful tool for treating electrostatic boundary-
value problems, 1s a simple application of the divergence theorem:

[,V-A d°x =$.A-n da ¢. ph1  w:pst O:theta

Let A = ¢V i, where ¢ and y are arbitrary functions of position.
S

V-A=V(Vy)=gVy +V¢-Vy
= oy n
A-n :¢Vw.n :¢a—n
Substituting these 2 expressions for V- A and A -n into the
divergence theorem, we obtain Green's first identity,

0
L@V +V$-Vy)d'x=§ 5" da (1.34)
Interchanging ¢ and y 1n (1.34), it reads,

0
= [ WV +Vy -V x =y 9 da
Subtracting these two equations, we obtain Green's second identity,

I, (V2 V2 9)d>x =4, (p %~y P )da (1.35) .




1.8 Green’s Theorem (continued)

Green's theorem relates a volume integral to a surface integral and

the volume integral contains the operator V2. These features are useful
for the manipulation of the Poisson equation in bounded space.

For example, applying Green's second 1dentity:

[, (#V2y —yV2P)d x = § (¢%—‘,f -y %)da (1.35)

we may convert the Poisson equation into an integral equation. - How? See (1.31)
/ or Page 18.

In (1.35), letting y be | X’ (V2 |X1 |— —470(x—x")), ¢ be the electro-
static potential @ (thus, V 2P = ——) and x’ be the integration variable,
we obtain
' 3. '
[, [-4rDS(x—x")+ \X S p(X)]d %' = [D £ (X L) - XIX 2> |da
X inside v

N S - OFEN 1 0D _ 0 )
= P00 = g [y o 43+ 28| it G~ P b () | 407 (1:36)
(1.36) 1s an integral equation (not a solution) for ®. In infinite space,

we have @ oc 5. Hence, (1.36) reduces to ®(x) = 47zg J |§ ();)| d>x'

12



Delta Functions

ti : o(x—a
Definition of the delta function: ( '~ )
O(x—a)=0, ifx #a
3
[[20(x—a)dx=1, if a; <a<a, | | .
et | al - dz >

Note: Since the delta function 1s defined in terms of an integral,
it takes an integration to bring out its full meaning.

Properties of delta function:

@ [,> f()(x—a)dx = f(a) (2)

2 .
(i1) jglz f(x)0'(x—a)dx = f(x)0(x—a) |le — IZIZ f'(x)0(x—a)dx
- /(@) 3)

13



Delta Functions (continued)

(iii) Let x = a be the root of f(x) =0, then f(x)

P f(ay)> f(a)
_[le 5[f(x)]dx — jf(zlz) 5[f()€)] d f( )df(X) le a_~a, «
dx’? * / s

f(az) 1 _ 1 1
[ 7O = =y S @>0 1) pas fa)

f(ay) _ _ —
[ any 70N ==ty =y /(@ <0 I aw >x

Note: In both expressions above, the integration 1s from a samller
value to a larger value, as 1n the deﬁnition of the delta function

Compare with (2) = o[ f(x)] = 5 (x—a)[= 5 (x—a)] (4)

If £ (x) has multiple roots x; [f (x; ) O i=1,2,--], then
olf(x)]= ey O (= X;)] (5)
Exercise: ShOW o) (a —x)=0(x—a) and o(cx)=0(x)/|c|




Delta Functions (continued)

Extension to 3 dimensions :
1. Cartesian coordinates: X = (x;, x5, X3)

O(x—=X') =6(x; —x1)0(x = x3)0(x3 — x3) (6)
= fV5(X—X')d3x = [0(x) = x))dx; [ 8 (x5 —x3)dxy | O(x3 — x3)dxs
(0, if x'lies outside V 300X
|1, if X’ lies inside V y
2. Cylindrical dinates: x =
ylin I’ICE’I coi)r 1nates ’x (p,,go, Z) | N 5%,
ox=x)=,0(p=plolg=¢lo(z=2) : (7)
= [, 6(x—x)d’x =, s(x—x") pd pdpdz S p
=[6(p—pdp|5(p-¢)dp[5(z—2")dz Iz
B ;O, if x’ lies outside V Ny g
|1, ifx’ lies inside ¥ ’

Question: If x and x both have the dimension of cm, what are the
dimensions of 6(x) and 0(x)? [See Appendix (A), Eq. (A.9).]

15



Delta Functions (continued)

3. Spherlcal coordmates r=(r, 0, p)
o(r—ro@-0"(p—-¢'), or

5(1__1_!) — 7"1 Sln¢9 (8)
\r—25(r—r’)5(cosé’?cos 0)o(p— ")
By (4), 8(cos 0 —cos0') = 1 9 5(0-8') = 5(9 '), 0<0<r

IV Sr—r)d’x = IV 5(r;r’) 5(cos O —cos0")S(p — ') r*drd (cos 0)d o

r V-
_ |0, 1fr’ lies outside V' FEN
1, if r' lies inside V [see (9) below]

Note: Volume integration in spherical coordinates

© , (7 2r . [0 2 g T . 27 Variables are to
|, drl, rd6]," rsin@do = | "r dr!o sni@dﬁjfo dp |3 integrated

from smaller to

00 1 2 _
- .[0 rzdl’j_l d(cos H)fo “do =i 'd(cos 6’)/ larger values.
= d’x =r*sin0drd0do or r*drd(cos0)do 9)

16



Delta Functions (continued)

Approximate representations of the delta function :

The delta function, o(x), can be represented analytically by the
following functions because they satisfy the definition of the delta
function 1n the limit y — 0 ( > 0).

S(r)=lim ~ 7

y—>0 7 x2+)/

32

o2
o(x)= lim e =
y—0 /2 7/

L for -V <x<?
S(x)=1lm{7’ 25752

72010, otherwise

17



Delta Functions (continued)

Example1: A total charge O 1s uniformly distributed around
a circular ring of radius a and infinitesimal thickness. Write the

charge density p(x) in cylindrical coordinates.

Solution: Is there any ¢-dependence?

Let p(x) = Ko(r—a)o(z) and find K as follows.

[p(x)d*x=K [8(r—a)d(z)rdrdpd:

=2nKa=Q
= K = i
2wa
= p(x) = %5@ —a)5(2)
wa

B

A

Note: p has the dimension of "charge/volume" as expected.

18



Delta Functions (continued)

Example 2: Prove V? 1 =—470(r) (V o ?)
.. o(r)=0,1f r=0
Solution: Definition of o(r): 3
j5 (ryd x=1

Hence, we need to prove
(i) V2L =0, ifr =0

(ii) | v2 Ldx=-4n[5(t)d x=-4n

It is convenient to use the spherical coordinates. To prove (1), we

we write V? as (see back cover of J ackson)

1

2
rzar(’” )+ Sm@@@(sme N

r2sin® 6 gp?

=v21 r2dr(r2 d1y-_

err( V=0 if r#0

72
Note: ﬁ 1s undetermined at » = 0. However, here we are only

concerned with the region » > 0.

19



Delta Functions (continued)

To prove (11), we integrate V? 1 over a spherical volume V

[V 3idx=[ v.V5idx 3 §.e.- V1 vy dg - ~fyr? LdQ=—4n

1

divergence thm.| —,..¢ 2 dQ

Note: Since r > 0 on the spherical surface, again we do not have
the problem of evaluating r2/r atr=0.

r
Change to a coordinate system in which r = x —x’ X'
and » =|x —x'|. We obatin from V? % =—470(r) ¥
V? ‘X_1X,| = —475(x—x') (1.31)
optional Example 3: Derive VzCD(x) = —LX) from O (x) = 47%5 jﬁ ();)| d>x’
0
Solution: V*®(x) = jp( "W? ‘ | d>x'

:%jp(x)[—47z5(x—x)]d3 ':—%;() 20



1.9 Uniqueness of Solution with Dirichlet or
Neumann Boundary Conditions

-

Dirichlet boundary condition: @ specified

Neumann boundary condition: g—n @ specitied

N

As another application of Green's theorem, we use it to prove the
uniqueness theorem for the solution of the Poisson equation.

Take Dirichlet boundary condition as an example.
Let there be two solutions, @, and ®,, which both satisfy

V20 =—-p/g, with ®=d_ on S (Dirichlet b.c.),

2 = — =
ie. {qu)l =P/ with il _C(I;)S on S
V (Dz :_p/go 2 = S S

V-

Define U = ®; - D,, then V2U =0 with U=0,-d =0onS

21



1.9 Uniqueness of Solution... (continued)

Rewrite Green's 1st identity: jv(¢V2w +Vo-V 1//)d3x = <_[>S ¢%—"Zda

Letg=y =U b.c. U=00roU/on=0o0nS
= [,UVU+VU VU x=§ U da=0= [ VU d*x=0
0
— VU =0 everywhere within V- n
>U=D;-D, =0 sinceU=0o0nS

=const., f U /on=0on S S
= @, and @, differ by at most a constant, hence are the same solution.

Note: Since the solution is uniquely determined by specifying either
® or 0® / on on the boundary, the Cauchy boundary condition
(® and 0d / on both specified on the boundary) 1s an over-
specification, which may lead to inconsistency.

Exercise : Prove that there cannot be any static E inside a closed,
hollow conductor if there 1s no charge in the hollow region. 22



1.10 Formal Solution of Electrostatic Boundary-Value
Problem with Green Function

Green Function G (x,x'): G, =0 for
In electrostatics, the Green function 1s x on S
the solution of the following problem: 0 = \)

VzGD (x,x")=—-4n6(x—x") with G, (x,x)=0 for xon S,
where x is the variable of the differential equation and x'is treated as

a constant. G, (x,X") is the potential of a unit point source (g — 47¢)

located at x" subject to the b. c. that G, (x,x") vanishes for x on S.
Gp =0 for

Symmetry Property of G, (x,x’): y on S
A ~S

Consider two equations: one with a 0
point source at X, the other with a point source at x'. The variable is y.

ViGD (y,X)=—47o(y —x), b.c. Gp(y,x)=0 foryonS
ViGD (y,x)=—47no(y—-x'), b.c. Gp(y,x)=0 fory onS 23



1.10 Formal Solution of Electrostatic Boundary-Value Problem...(continued)

. %, 0
Rewrite: [, (¢V2y —yv2p)d’y = qss[qﬁa—‘/; —wa—ﬂ da (135
Let ¢ =Gp(y,x) and v = Gp(y,x'), where y is the variable.
—4ro (y x) —4ro (y x)

:>I GD(y,X)V GD(yax) GD(ya ')V GD(yax)]

= CJSS LGD(V)’JQ%GD(Y»X )_?D(g’ax zﬁGD(Y»X)] a
=0onS =0onS
= 472-[GD (X’a X) o GD (X9 X,)] —
= Gp(xX',x) =Gp(x,X") [symmetry property of Gp(X,X)]

Questions:

1. Does V* Gp(x,xX)=—-4r5(x—x") imply V'? Gp(x,xX) =—-4r5(x'—x)?
2. Give two examples to show the physical meaning of the symmetry
property of Gp(X,X).

24



1.10 Formal Solution of Electrostatic Boundary-Value Problem...(continued)

Formal Solution of Electrostatic Boundary - Value Problem :
p(X') d3

x—x|
unbounded space. By Green's theorem, we may generalize 1t to an
expression for bounded space with prescribed boundary conditions.

The expression O(x) = 4% j x' 1s applicable only to
0

Consider a general electrostatic boundary-value problem:

V2®(x) =—p(x)/ gy with D(x) =D (x) for xon S (10)
Green's 2nd 1dentity: o
N _
J,| 80V 2y (x) =y (X)V2P(x) | g

=, ) L (x) -y (x) £ g(x') |da’ (1.35)
In (1.35), let #(x') be the solution of (10) with variable x’ (i.e., ®(x")).
Let w(x') =Gp(x, X'), where G (X, X') is the Green function satisfying
V'zGD (x,xX') =—4nmo(x—x') with Gp(x,x)=0forx'onS (11)
Substitution of @¢(x") and w(x') into (1.35) gives 23



1.10 Formal Solution of Electrostatic Boundary-Value Problem...(continued)

—470 (X-X') —p (X )/30
) [(D(X)V'zGD(X x) Gp(x, X)V’2®(x )]a’3 P,
N
= §y[P() £ Gp(x,X) = Gp(x.x) & DX)lda’ S
=0ons$

Thus, we obtain

()= 4 [, PG (x,X)d ' = gL D) B e’ (1.44)

(1 .44) expresses the solution @ of the general electrostatic problem
in (10) in terms of the solution G (x,x’) of the point source problem
in (11) and the boundary value (@) of ® on S. To evaluate (1.44), we
first solve (11) for G (x,X'), then substitute G, (x,x’), p(x’), ©, into
(1.44). It is often simpler to solve G (x,x’) from (11) than solving ®
directly from (10), because (11) has the simple b.c. of G5 (x,x") =0 on
S. Applications of (1.44) can be found in Chs. 2 and 3. The problem
below gives an application without the need to solve (11) for G(x, x").

26



Self_learning 1.10 Formal Solution of Electrostatic Boundary-Value Problem...(continued)
Example: A hollow cube (see figure) has six square

sides. There 1s no charge inside. Five sides are
grounded. The sixth side, insulated from the others,
is held at a constant potential ®,. Find the potential <+ = fo
at the center of the cube. -.L

Solution: Let the center of the cube be at x =0 and rewrite (1.44):

P(X) = g1z [y PTG (3, XV = LG D) £ G (x,x)da’ (1.44)

If all 6 sides had the potential @, then ®(x =0) =D, and by (1.44)
Dy =—4 §.Dy L Gp(0.x)dd (12)

For the present problem, we have @ = ®, on side 1 and @ =0 on
the other 5 sides. By (1.44), the potential at the center 1s

— — 1 8 4 I __ 1 1 a ' ’
CD(X—O)——E sidechOWGD(O’X)da f__gfl-—ﬂqSS(DOWGD(O’X)daJ
= %CDO " Gp(0,x") is symmetric with ~®o by (12)

respect to all six sides. 27




Self-learning

1.1 Coulomb’s Law

Coulomb's law, discovered experimentally, 1s a fundamental law
governing all electrostatic phenomena. It states that the force on
point charge g due to point charge g; obeys (see figure)

rl.Focq, g, and Lz
. r 9 e
2. F 1s along r. ql/' r
F = LIQ% —{ (central force)
Angor ; F is attractive if ¢ and ¢, have opposite signs.
| F is repulsive if ¢ and g, have the same sign.

Furthermore, if there are multiple charges present, the total force
on ¢g 1s the vector sum of the two-body Coulomb forces between g
and each of 1ts surrounding charges.

Question: What 1s the principle of linear superposition?

28



1.2 Electric Field

The electric field at point x due to one or more charges is defined

as E(x) = lim =, (1.1)
qg—0

Self-learning

where ¢ 1s a test charge and F 1s the total Coulomb force on g. We let
g be infinitesimal so that 1t will not alter the field configuration.

Thus, E(x) due to a single point charge ¢, 1s

_ 4 1, _ 91 XX
E(X) N 472'80 ]/'2 er T 472'80 |X—X1|3 q1

re, =X—X; =(x—xp)e, +(y—ye, +(z—z)e;

r=|x—x|= \/(x—xl)z +(y-y) +(z—z)°

For distributed charges, we have by linear
1 Iv p(x)(x—x') d3x' X (1.5)

20 x—x'P

superposition: E(x) = i

Question: Why write "re," as "x —x;"? 0 29



1.3 Gauss’s Law
Consider a point charge g and a closed surface S and adopt the

following notations:
(da : infinitesimal surface area on S
n: unit vector normal to da
and pointing outward
e,.: unit vector along r q-
| 0: The angle between n and E

E-nda=—1 e, nda= 1 costZ%dQ
— £

2 2 T,
472'(907" 472'(907’ rde 0

Self-learning

\

Note: dQ carries the sign of cosé.
dQ >0, if cos@ >0 g inside S, N g outside S, n
dQ <0, ifcos@<0~ [dQ=4z 0 JdQ=0 HU
n ,(S °q QS ‘

g%, g inside S [ Gauss's law for
a single charge

~§,Enda= ;% a0 = | a9

30

|0, ¢ outside §



1.3 Gauss’s Law (continued)

By the principle of linear superposition, Gauss's law for a discrete
set of charges inside S 1s

$,E-n da:%zqi (1.10)

Self-learning

and Gauss's law for a distribution of charge 1s
. E-n da:g—lojvp(x)d3x (1.11)

Discussion: (1.11) 1s the integral form of Gauss's law. In the
next section, we will derive the differential form of Gauss's law.
Gauss's law 1s a powerful mathematical representation of Coulomb's
law (see example below). Furthermore, as will be shown in Ch. 6,
the two forms of Gauss's law are also applicable to time - dependent
cases where the original form of Coulomb's law (a static law),

_ 1 pX)EE=X) 3,
E(X)_47T<90 |, e d’x',

no longer applies. 31



Self-learning

1.3 Gauss’s Law (continued)
Shell theorems - an application of Gauss's law:
Halliday, Resnick, and Walker, “Fundamentals of Physics”:

“The two shell theorems that we found so useful in our study of
gravitation hold equally well in electrostatics:

Theorem 1: A uniform spherical shell of charge behaves, for

external points, as if all its charge were concentrated at its center.

Theorem 2: A uniform spherical shell of charge exerts no force on a
charge particle placed inside the shell.”
Proof -

[ Symmetry consideration] = E=Ee,

Q ——
[Gauss' law] — 47zr2Er :{509 r>a | a:radius of shell

0, r<a |Q:total charge on shell

(0
p— Er =< drgyr
0, r<a (Q produces no E)

5, r>a (asif Q were atr=0)

.
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1.4 Differential Form of Gauss’s Law

Using the divergence theorem:

N is a unit vector normal to the

A3 . surface element da and pointing
va Ad"x = CJSS A-nda, away from the volume v enclosed

| by surface S. S |
we obtain from ¢ _E-n da:giojvp(x)d% [(1.11)] @ n
§E-nda=[,V-Ed’x=_ [ p(x)d’x
:>jV(V-E—g—'OO)d3x:O (1.12)
=V -E= g% |differential form of Gauss's law | (1.13)

Question: If jv f(x)d 3x=0 foran arbitrary volume v, then

f(x) =0 everywhere. This 1s the basis for obtaining
(1.13) from (1.12). Does ¢ A -da =0 for an arbitrary

closed surface S imply A = 0 everywhere? 33



1.5 Another Equation of Electrostatics

and the Scalar Potential
Vix—x'/"

n

—a[(x x) +(y— y) +(z— z) ]?e. |V operates on X.

” V' operates on x'.

—[(x—x') +(y_y’) +(Z_Z’) ]2ey V!|X_Xv|n:_v|x_xr|n

n

f?‘[(x XY+ (y =) +(z - z>]2e

gxx—x')z +(y=y) +(z-2)"1F 2y —y’)ey
n
2

A (x=x) + (=) +(z-2)° 2 2z-2e,
=n|x—x'[""* (x—x’ (1)
Ex:V|x—-x]=XX_.y 1 - _xxX .y 1 __3xxX

x— x| X—X'| x—xP’  |x—x x—xP

34



1.5 Another Equation of Electrostatics and the Scalar Potential (continued)

_ 1 (pX)(xX) 3., _ 1 pPX') 13
E(X)_47zgo-[ d”x ——FEOV'[—CZ X

|X—X’|3 A x—x'|
1 . _ w!
= -VO(x), \ x| —ﬁ
_ p(X') 3, .
where O(x) = 47;50 | X d’x"  [scalar potential (1.17)
— VxE=0 (1.14)

Question: E=-V® = V xE = 0. Is the reverse also true?

Below we show that g@(x) can be interpreted as the potential
energy of charge g at position x, and V xE =0 can be derived by
an alternative method using Stokes's theorem:

<ﬁCA°df=fS(V><A)°n da dfloopC
dZ{: a line element on a closed loop C da S (open
S': arbitrary open surface bounded by loop C surface
n: unit vector normal to surface element da 1n bounded
the direction given by the right-hand rule by loop C)
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Rewrite <

1.7 Poisson and Laplace Equations

V2D

( _p

V-E= & (1.13)

E=-VO (1.16)
Sub. (1.13) into (1.16), we obtain the Poisson equation

__P

="z (1.28)

In a charge-free region, (1.28) reduces to the Laplace euqation

V2O

=0 (1.29)
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Summary of Secs. 1-5 and 7:

— qQ1 N E = ql c
= 472501”2 N 0 bz Cre.=XTX
1 F _ ql(X—Xl) r = ‘X — Xl‘
0 4 47Tf90|X—X1|3 < principle of
r A J p(x! )(x3x ) PEN linear superposition
"/ =tz x—x/ “V|x-x|"
_ pPX) 3. —plx—x "2 ,
N X -~ 4reg, .[|x x|d n|x X|p(x()x x)
_ 3.
O = VO o= 47;50 J x| 4%
\ — derived in Sec.1.3 using E = - 1¢r .
VxVf=0-— . 4 weyr
¢ E-nda = 8—Ofvp(x)d X
vxE=0 N < divergence thm.

T~

/VE:p/gO

V2D

=—p/%
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Questions on Secs. 1-5 and 7:

1. Can one calculate E by using V - E = p/g, alone?
2. Can one calculate ® (hence E) by using V20 = —p /g, ? How?

p(X) 1319
3. Can one calculate @ (hence E) by using®(x) = 4%0 j . x|
How?
pX') ;3
4. Why break one equation, ®(x) = 4% | x| d’x', into two
equations: VXE=0andV - E= p/g,?

5. Coulomb’s law gives VX E=0and V - E = p/g, . Can it give any
other independent relation for E?

Helmholtz’s Theorem: “A vector i1s uniquely specified by giving its
divergence and its curl within a region and its normal component over
the boundary.” (Arfken, “Math. Meth. for Physicists”, 3rd Ed. p.78)
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6. Is the integral form of Gauss’s law mathematically equivalent
to the differential form of Gauss’s law?

Answer: Yes. To prove the mathematical equivalence, we need to
show that the integral form of Gauss’s law is both a sufficient and
necessary condition for the differential form of Gauss’s law. This
can be demonstrated as follows:

@E-ndazijvp(x)d% (1.11)
€0

I U <« divergence thm.
,(V-E—p/ey)d Sx=0 (for arbitrary volume v)

ml
V-E=p/g, (1.13)

Downward manipulation (J) shows that (1.11) 1s a sufficient
condition for (1.13). Upward manipulation (1) shows that (1.11) 1s a
necessary condition for (1.13). Hence, the two forms of Gauss’s law
are mathematically equivalent.
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7. Is Gauss’s law mathematically equivalent to Coulomb’s law?

Answer: No, because Coulomb’s law 1s a sufficient but not a
necessary condition for Gauss’s law. That 1s, we may derive Gauss’s
law from Coulomb’s law, but not the reverse.

While Coulomb’s law completely specifies the E field, we need

more information to completely specify the E field from Gauss’s law.

This 1s clear when we write Gauss’s law 1n 1ts differential form,
V - E = p/g,. By Helmholtz’s Theorem, we also need the curl of E
to completely specify E. In electrostatics, this 1s given by V x E = 0.
In general, 1t is given by Faraday’s law, V x E = —0B/ 0 ¢ (Ch. 5).

As will be shown 1n later chapters, while Coulomb’s law [in the
form of (1.5) or (1.17)] deals only with the static E field, Gauss’s
law covers a much broader class of fields than Coulomb’s law, such
as the E field of an electromagnetic wave.
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8. Is Gauss’s law physically equivalent to Coulomb’s law?

Answer: In the special case of electrostatics, the field
surrounding a point charge 1s symmetric, implying E=FEe..
Choosing a spherical surface of radius » centered at the point charge,
we may obtain Coulomb’s law from Gauss’s law,

$E-nda = ;o [, p(x)d 3x (Gauss's law)

= JE-da= E 4mr* =q/s,
q
472'507”

=Lk, = (Coulomb's law)

2

In 1.3, we have also derived Gauss’s law from Coulomb’s law;
hence, the two laws are physically equivalent in electrostatics.
However, as discussed in question 7, the two laws are not
mathematically equivalent, nor are they physically equivalent in
electrodynamics.
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1.6 Surface Distributions of Charges and Dipoles and
Discontinuities in the Electric Field and Potential

Surface Layer of Charge:

The surface charge density 1s defined as charge per unit area

on the surface: o(x)= lim ﬁ—g

Aa—0
Note: o and p have different dimensions.

Apply Gauss's law, <_[>E -nda = 510’ to an

infinitesimally thin pillbox, we obtain

& 1 pillbox
n, =—n, (thickness — 0)
A
:>(E2—E1).n2:;0 AZ:% (1.22)

The tangential component of E can be shown to be continuous
across the layer by applying <j5 ~E-df=0 to the loop drawn 1n

dashed lines 1n the figure. .



1.6 Surface Distributions of Charges and Dipoles... (continued)

Example: (see figure) o (uniform distribution of
e, < QO on a layer of radius a)
, r<a . .
D= Are)a = Atr=a @ 1s continuous.
0 d) - 7 |E. is discontinuous
,F>a r -
| dregr / \ .
a
Questions :

1. Fields (£ and @) of a point charge diverge as one moves
infinistesimally close to the charge. Explain why fields of the
surface charge do not diverge as one moves infinistesimally close
to the surface.
Answer: A point charge is a finite amount of charge concentrated
at a point. However, for the surface charge, one must integrate o over
a finite surface area to obtain a finite amount of charge. Hence, there
1s no finite amount charge at a single point on the layer.
2. Why is @ continuous across the layer? 43



Self-learning

1.11 Electrostatic Potential Energy and Energy

Density; Capacitance
Electric Field Energy: Let ©(x) be the field due to the presence

of p. The work done to add op 1s
SW = [ Sp(x)D(x)d"x

op=¢,V-0E |[—
=¢,[ OV -SE(X)d"x /

UsingV.-ya=a-Vy +yV-a

we obtain

OV -0E =V -(DJOE)-0E - VO
=V-(DPOE)+E-0E

=5 |V (®5E)d3x+gojE

SEd’x = g,[E-SEd x

By conservation
of energy, this = DIOE-
must be the total Lt

E-field energy.

‘w{%

r

the volume of integration
must be infinite.

—0, as 7 — oo {For this integral to vanish,

— W= gojd3ijE-dE = @HE\z d>x < infinite volume |  (1.54)

E’=E-E=-E-V®=-V-(OE)+®V-E=-V - (PE)+ 2>

0

—0 as r—)oo

= W= px)dx)d’x - §, OE-da = L p@m)d’s  (1.53)
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Self.] 1.5 Another Equation of Electrostatics and the Scalar Potential (continued)
elf-learnin
S Work done by bringing charge ¢ from b
position 4 to position B along any path:

W=—|"Fdf
B
=—q|,E-d/
iA VO = 5q)e +%(£e +%(D e; dﬁzdxex+dyey+dzez
=q|,VD-dl
QI; _:>dq):VCD-d£=%%dx+%%dy+%%dz

=q[,dD = d® is an infinitesimal change of @ due to an
=q(®y—®d,)| infinitesimal displacement d¥.

Thus, W depends only on the values of ® at 4 and B, and it 1s
independent of the charge's path from 4 to B. This justifies the

concept of potential energy, which implies that the total work done
on ¢ 1n a round trip along any closed path C 1s 0, 1.¢.

$.E-df =0 or, by Stokes's theorem, [ (VxE)-nda=0 (1.21)

Since S 1s an arbitrary surface, we obtain Vx E = 0.



. 1.11 Electrostatic Potential Energy... (continued)
Self-learning . .
An alternative derivation of (1.53) and (1.54): Consider a state in

which a charge density p (x) has produced an electrostatic potential
d (x),1.e. px)— D (x). - _

Then, by the principle of linear superposition, ..
we have  go(X) — €D (x),

[ oAy
where ¢1s a constant.

To find the electric field energy, we consider the energy needed to
build up ® (x) from &= 0 (no charge and no potential) to £ =1 (the
present state). At any stage in the build-up process, the relative
charge density (hence the relative potential) remains the same;
namely, the intermediate state is characterized by the charge density
£o(x) and potential £ O(x).

In such a build-up process, when the potential 1s e®(x), the work
done by adding an incremental charge p(x)de 1s

dw = | d’xed(x)p(x)de
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Self_learning 1.11 Electrostatic Potential Energy... (continued)

Hence, the total work done from € =0to £ =11s
W= [ dW = dxp(x)0(x)] ede

=1 d’x p(x) O(x)

For this integral to vanish, the

volume of integration must be oo.

(1.53)

2

—5V2D l
Greens 1 st 1identity ~F
_ 3.y_ 3 0
=—Lgy[, @V Dd =1 )], VO -VDd x - cﬁSCI)( @fda
! 3 - Ly
:Zgojv‘E‘ d”x | integration over s
infinite volume r 72

(1.54)

Questions: 1. If we bring ¢ and — g toward each other, the work

done is negative. Why is then W = %0 | V\E\z d>x always positive?

2. Give one example to show that the E-field carries energy.

Electric Field Energy Density : (1.54) = wy = %50 \E\z
2
Note: wg =3 &) |[E[" = %gO(ZEj)-(ZEj) [# %EOZ(EJ E )]
J J J

(1.55)
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1.11 Electrostatic Potential Energy... (continued)
Self-learning  gorce on the Surface of a Conductor: Consider  conductor
a conductor with surface charge on it. At any point
on the surface, the total field (E) outside must be E
normal to the surface and the total field inside must
be 0. Applying Gauss’s law, we find £=0/¢,, where o 1s the local
surface charge density at the observation point (upper figure). But the
local o by itself will produce equal and opposite fields on
both sides of o (call it self field E elf) and by Gauss’s law Eself \Ese{f

E,(outside) + E, - (inside) = - :> Eg = %, E.:/E,.,

which 1s half of the total E out31de. Since the total £ inside 1s 0, all the
external surface charge away from the local o must have produced an
external tield with £, =E, ,,=0/2¢), which cancels £, (inside) and

thus doubles £, (outside). The local o can only experience a force
due to the field (£,,,) produced by the external surface charge. Thus,

force on the surface/unit area =0k, ; = G (see pp. 42-43) 48



1.11 Electrostatic Potential Energy... (continued)

1£-1
Self-learning Capacitance: Refer to the ﬁgure o) V3, Oy
( n
V= Zlfjlej O = ZCUV O O
]:
L s V3, O Vs,
V= ,ZIP2ij — O = ZlczjVJ 30 : OALQL‘
Jj= j=
: Invert the :
_ equations _ e
Vi = ZIP Q 4 O = ZIC Vi A system of
) = : = n conductors
by principle of C,;: capacitance
linear superposition C;i (i # j): coetficient of induction

F; and C;; depend on the geometrical shape and position of the
conductors. Potential energy of the i-th conductor 1s [using (1.53)]

W, =3[ p 0@, x =1 0p, [ @,(0=V;; [p(0dx =0,

Potential energy | _ 1 Z oo
j[ofthe system } 2§Q,V, 2121]21(?']‘[/1'[/]' (1.62)
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Homework of Chap. 1

Problem 1.3
Using Dirac delta functions in the appropriate coordinates, express the following charge distributions as
three-dimensional charge densities p(x).

(a) In spherical coordinates, a charge Q uniformly distributed over a spherical shell of radius R.
(b) In cylindrical coordinates, a charge A per unit length uniformly distributed over a cylindrical surface of radius b.
(c) In cylindrical coordinates, a charge O spread uniformly over a flat circular disc of negligible thickness and radius R.

d) The same as part (c), but using spherical coordinates.

Problem 1.4
Each of three charged spheres of radius a, one conducting, one having a uniform charge density within its volume, and one

having a spherically symmetric charge density that varies radially as " (n> — 3), has a total charge Q. Use Gauss's theorem

to obtain the electric fields both inside and outside each sphere. Sketch the behavior of the fields as a function of radius for
the first two spheres, and for the third with n = —2 ,+2.

Problem 1.5
The time-averaged potential of a neutral hydrogen atom is given by

—ar
o=—9° [1 +ﬂj
47[80 r 2

where g 1s the magnitude of the electronic charge, and o = a, / 2, a; being the Bohr radius. Find the distribution of charge
(both continuous and discrete) that will give this potential and intrepret your result physically.
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Homework of Chap. 1

Problem 1.6

A simple capacitor is a device formed by two insulated conductors adjacent to each other. If equal and opposite
charges are placed on the conductors, there will be a certain difference of potential between them. The ratio of

the magnitude of the charge on one conductor to the magnitude of the potential difference is called the capacitance

(in SI unit it is measured in farads). Using Gauss’s law, calculate the capacitance of

(a) two large, flat, conducting sheets of area A4, separated by a small distance d;

(b) two concentric conducting spheres with radii a, b(b>a);

(c) two concentric conducting cylinders of length L, large compared to their radii a, b(b>a).
(d)

d ) What is the inner diameter of the outer conductor in an air-filled coaxial cable?whose center conductor is a

cylindrical wire of diameter 1 mm and whose%apacitance is 3 x10 1" F/m? 3x10712F/m?

Problem 1.8

(a) For the three capacitor geometries in Problem 1.6 calculate the total electrostatic energy and express it
alternatively in terms of the equal and opposite charges O and —Q placed on the conductors and the potential
difference between them.

(b)Sketch the energy density of the electrostatic filed in each case as a function of the appropriate linear coordinate.

Problem 1.9
Calculate the attractive force between conductors in the parallel plate capacitor (Problem1.6a) and the parallel

cylinder capacitor (Problem 1.7) for
(a)Fixed charges on each conductor;

(b)Fixed potential difference between conductors.
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Homework of Chap. 1

Problem 1.14

Consider the electrostatic Green functions of Section 1.10 for Dirichlet and Neumann boundary conditions on the surface S bounding
the volume V. Apply Green's theorem (1 .35) with integration variable y and ¢=G(x.y),y = G(x'y’), with V2 yG(zy) =—-476(y — ).
Find an expression for the difference?[G(x,x") — G(x',x)] in terms of an integral over the boundary surface S.

(a) For Dirichlet boundary conditions one the potential and the associated boundary condition on the Green function, show that Gp (x,x")
must be symmetric in xand x'.

(b)For Neumann boundary conditions, use the boundary condition (1 .45) for Gy (x,x) to show that G (x,X') is not symmetric in general,
but that G (x,x") — F(x) is symmetric in x and x', where
1
F(x)= Eqss Gy (x,y)da,
Problem 1.16

Prove the following theorem: If a number of surfaces are fixed in position with a given total charge on each, the introduction of
an uncharged, insulated conductor into the region bounded by the surfaces lowers the electrostatic energy.

Problem 1.17

A volume V' in vacuum is bounded by a surface S consisting of several separate conducting surfaces S;. One conductor is held
at unit potential and all the other conductors at zero potential.

2
(a)Show that the capacitance of the one conductor is given by C = g, IV ‘V(D‘ d>x

where® (x) is the solution for the potential.

2
(b)Show that the true capacitance C is always less than or equal to the quantity C [‘P] = &) J.V‘V‘I" d’x

where W is any trial function satisfying the boundary conditions on the conductors. This is a variation principle for the capacitance
that yields an upper bound.
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Appendix A: Unit Systems and Dimensions

Unit Systems:
Two systems of electromagnetic units are in common use today:
the SI and Gaussian systems. Regardless of one’s personal

preference, it is important to be familiar with both systems and, in
particular, the conversion from one system to the other. Conversion
formulae can be divided into two categories: “symbol/equation
conversion [such as E and E = ¢/(4ngy?)]” and “unit conversion
(such as coulomb)”.

Conversion formulae for symbols and equations are listed in
Table 3 on p. 782 of Jackson and conversion formulae for units in
Table 4 on p. 783 (both tables attached on next page). These two
tables are all we need to convert between SI and Gaussian systems.
Correct use of the tables requires practices.
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Appendix A: Unit Systems and Dimensions (continued)

Table 3 Conversion Table for Symbols and Formulas

Table 4 Conversion Table for Given Amounts of a Physical Quantity

The symbols for mass, length, time, force, and other not specifically electromagnetic
quantities are unchanged. To convert any equation in SI variables to the corresponding
equation in Gaussian quantities, on both sides of the equation replace the relevant
symbols listed below under “SI”” by the corresponding “Gaussian” symbols listed on
the left. The reverse transformation is also allowed. Residual powers of e, should be
eliminated in favor of the speed of light (c*uo€, = 1). Since the length and time symbols
are unchanged, quantities that differ dimensionally from one another only by powers of
length and/or time are grouped together where possible.

The table is arranged so that a given amount of some physical quantity, expressed as so
many SI or Gaussian units of that quantity, can be expressed as an equivalent number
of units in the other system. Thus the entries in each row stand for the same amount,
expressed in different units. All factors of 3 (apart from exponents) should, for accurate
work, be replaced by (2.997 924 58), arising from the numerical value of the velocity of
light. For example, in the row for displacement (D), the entry (127 X 10°) is actually
(2.997 924 58 X 41 X 10°) and “9” is actually 1071¢ ¢* = 8.987 55 . ... Where a name
for a unit has been agreed on or is in common usage, that name is given. Otherwise,
one merely reads so many Gaussian units, or SI units.

Quantity Gaussian SI Physical Quantity  Symbol SI Gaussian
Velocity of light c (o€o) 12 Length l 1 meter (m) 102 centim(et():rs (cm)
: : Mass m 1 kilogram (kg) 10° grams (g
Electric field (potential, voltage) E(®, V)/V4me, E(®,V) Time : 1 second (s) 1 second (&)
Displacement Ve/dm D D Frequency v 1 hertz (Hz) 1 hertz (Hz)
S
Charge density (charge, current density, Ve, p(q, 3, I, P) p(q, ¥, 1,p) Force F 1 newton (N) 10 dynes
current, polarization) Work w 1 joule (J) 107 ergs
. . . Energy U
Magnetic induction Vuoldm B B Power P 1 watt (W) 107 ergs s~
Magnetic field H/V4mu, H Charge q 1 coulomb (C) 3 x10° statcoulombs3
f ot N7 Charge density p 1Cm™3 3 x10° statcoul cm™
Magnetaation Amluo M M Current I 1 ampere (A) 3 x 10° statamperes
Conductivity dmeoo o Current density J 1Am™2 3 x10° statamp cm 2
Dielectric constant €€ € Electric field E 1voltm™ (Vm™!) 1x10™* statvolt cm™*
. - Potential @,V 1volt (V) %5 statvolt
Magnetic permeability Hott H Polarization P 1Cm? 3 x10° dipole moment cm ™3
Resistance (impedance) R(Z)/4A7e, R(Z) Displacement D 1Cm™ 127 X 10°  statvolt cm™ )
(statcoul cm™
Inductance Lidme L Conductivity ¢  1mhom™ 9%10° s
Capacitance 4megC C Resistance R 1 ohm (Q) ix107" sem™?
Capacitance Cc 1 farad (F) 9x 10" cm
: 2
¢ = 2.997 924 58 X 108 m/s Magneqc ﬁux . ¢, F 1 weber (Wb) 103 gauss cm” or maxwells
- Magnetic induction B 1 tesla (T) 10 gauss (G)
€ =88541878... X 107 Fim Magnetic field H 1Am™! 47 X 1073 oersted (Oe)
Mo = 1.256 6370 ... X 107° H/m Magnetization M 1Am™! 1073 magnetic moment cm >
Inductance* L 1 henry (H) Fx10™™1

[ = 3767303 ... Q
€o

Jackson, p. 782, Table 3

Jackson, p. 783, Table 4
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Appendix A: Unit Systems and Dimensions (continued)

Conversion of symbols and equations:

Consider, for example, the conversion of the SI equation

E=_14 Al
472'(907"2 ( )

into the Gaussian system.
This involves the conversion of symbols and equations. So we use

Table 3. First, we note from Table 3 (top) that mechanical symbols

(e.g. time, length, mass, force, energy, and frequency) are unchanged

in the conversion. Thus, we only need to deal with electromagnetic
symbols on both sides of (A.1).

G
From Table 3, we find £°/ — £~ and qSI —> 47&9qu (A.2)

A /472'80

Sub. E¢/ 47g, and 4725qu, respectively, for £ and g in (A.1),
we obtain the corresponding equation in the Gaussian system:

G 4r7enq° G
EZ N0l G4 (A.3)

Jarey  Aneyr 7 56




Appendix A: Unit Systems and Dimensions (continued)

Conversion of units and evaluation of physical quantities:

Consider again the SI equation: £ = 9 5 (A.1)

drgyr
Given » =0.01 m, g =1 statcoulomb, we may evaluate £ 1n 3 steps:
Step 1: Express r, g, and g, in SI units. From Table 3 (bottom)
and Table 4, we find

r50 =8.854x107"* Farad/m =1 5 Farad/m
. 367rx10
17 =0.01 m (same as given) (A.4)
g(=1 statcoulomb) = 3 1109 coulomb
L X

Step 2: Sub. the numbers (but not the units) from (A.4) into (A.1).
1

. 9
This gives E=-—1 5 = 3x10 > =3x10"
Anggrs  Amx—L - x(0.01)
367rx10

Step 3: Look up Table 4 for the SI unit of E. As shown in Table 4,
the SI unit of £ is V/m. Thus, E =3x10* V/m (A.5) 57



Appendix A: Unit Systems and Dimensions (continued)

As another exercise, we write (A.1) in the Gaussian system :

E=4 (A.3)

2

and evaluate E for the same » (=0.01 m) and g ( =1 statcoulomb).
Step 1: Express » and ¢ in Gaussian units. From Table 4, we find
r(=0.0l m)=1cm | (A.6)
g =1 statcoulomb (same as given)

Step 2: Sub. the numbers (but not the units) from (A.6) into (A.3).

This gives E:%:%zl
r

Step 3: Look up Table 4 for the Gaussian unit of £. We find the
unit to be statvolt/cm. Thus, £ =1 statvolt/cm (A.7)

Table 4 shows 1 statvolt/cm = 3x10* V/m. Hence, the 2 results

E=3x10* V/m

are 1dentical as expected.
E =1 statvolt/cm

in (A.5) and (A.7): {
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Appendix A: Unit Systems and Dimensions (continued)

Units and Dimensions :

In the Gaussian system, the basic units are length (/), mass (m), and
time (¢). In the SI system, they are the above plus the current (/).[See
Table I (top) on p. 779 of Jackson.] All other units are derived units.

If a physical quantity 1s expressed in term of the basic units, we
have the dimension of this quantity.

A mechanical quantity has the same dimension in both systems.
For example, the acceleration a (= d °x/dt? ) has the dimension of
/™% . From f = ma, we obtain the dimension of force: mlt~%, which
in turn gives the dimension of work (f - /) or energy: m/ %42

An electromagnetic quantity has different dimensions in different
systems. For example, the charge g has the SI dimension of /z. From

the Gaussian equation f = g9, /> and the dimensions of force and
length, we find the Gaussian dimension of g to be m? 3271 Since
q¢ has the dimension of energy (mfzt_2 ), the potential ¢ has the SI

dimension of m¢2+>1"" and the Gaussian dimension of m' 2V %71,



Appendix A: Unit Systems and Dimensions (continued)

All physical quantities in an equation must be expressed in the
same unit system and all terms must have the same dimension. For
example, by Stokes's theorem, we have

$.E-dl=[ (VxE)-nda (A.8)
where both terms have the dimension of /- (the dimension of E).
In the definition of the delta function:
jzlz O(x—a)dx=1, (A.9)
the RHS 1s dimensionless. Thus, if x has the dimension of /, 6(x —a)

must have the dimension of ¢~'. However, "0" is not to be regarded
as a dimensionless quantity. This is clear 1f we write (A.8) as

cﬁCE-dﬁ—jS(VxE)-n da =0.

Well known equations need not be checked for dimensional
consistency. However, for newly derived equations, a dimensional
check can be a convenient way to find mistakes. 60



Optlonal 1.6 Surface Distributions of Charges and Dipoles... (continued)

Dipole Layer : o (x) o |§:§:|
D(x)= lim o(x)d(x) —0o(X) n points
d(x)—0 , from —o
X to +o

Assume that, at any given point, the two layers have equal and
opposite surface charge densities (see figure).

(D(X)— j p(X) 1 [I G(X') da'_js G(X’) da”]

Arey | X — x| 47&90 |x—x| |x—(x'=nd)|

da'=da”
i : I o (x) : S ,1 da’
ey ~° Ix—x| [x—(xX'—nd)|

61



Optlonal 1.6 Surface Distributions of Charges and Dipoles... (continued)

Using the binomial expansion: What is the Taylor expansion?
(x+p)" =x" +nx"" y+n(nz'1) =22 g
we obtain .
-1/2
1 1 i & _ab)
b+a| (2, 2 127 p 1+b—2+2b—2
(b +a” + 2a-b)

1 i a’* a-b 1 a-b
- — 2_ 5 + .. ___3
b\ 2" b Tb b

a/b—>0
’1 ~ 1 ——dn- X—X [valid for d <«|x —x'|]
x=(-nd)| Cx-x] T x-x|

b—o>x—X
a — nd
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optlonal 1.6 Surface Distributions of Charges and Dipoles... (continued)

Sub. : ~ 1 i i
[ x—(x'—nd)| |x—X| x—X'|
. 1 N 1 , .
into d(x) = f o(x) = ; da’, we obtain
ey *° |x—x | | x—(x'—nd)|
=v 1l .-v_ 1,
[x—x/| x| IXx—X'|
x-x , 1 , | ,
CI)(X)——j J(x)d(x)n yda = jSD(x)n \Y% —da
&) [ x—X/| dre, | x—X
D(x) \
. . (1.24)
cand d appear as a product here, so it’s meaningful
to define the product as the dipole layer strength
or D(x) = jSD(x')n x-x 1 o da’ = j D(x')dQ
dQ >0, if cosd >0 —cosh 1/r2 | See figure two
dQ <0, ifcos@<0| ° e ~ | pages back. 63




optlonal 1.6 Surface Distributions of Charges and Dipoles... (continued)

-

2 j D(x")dQ (1.26)
Rewrite : D(x) = < ﬂgo

: —dd’ (1.24)

[ D(x)n-V |x—x|

472'80

Note: (1) The direction of n and sign of d€2 are shown below with
respect to the polarity of the dipole layer:

. . . . See derivation
direction I(l)f n: s1gn of dQ2: [ f (1. 26) }
7]
. . \\’{dQ <0
— a’Q > O

(2) The RHS of (1.24) is an explicit function of x (the position
of observation). The RHS of (1.26) is an implicit function
of x, because the total solid angle depends on x.

Question: Under what condition will (1.24) and (1.26) be invalid? 64



optional 1.6 Surface Distributions of Charges and Dipoles... (continued)

Special case I: A flat-disc shaped double layer With D = const.

O=-
o g flea
CD —@ ¢ 2 ( ) 280 26‘0
&0 2g, -0 0
electric field between layers: E| = D
— gOd
® 1s discontinuous across the dipole layer. p
Aa o
Special case 2: Point dipole % . g9
~ lim [, nDdd W
I?OTI]’[ Aa=9 dipole oha=q —0% Aa—>0 4
' dipole layer point dipole

= lim ann(Gd)da =nodAa ¢nqa’

Aa—>0
— O(x lim [, D(xn-V' L dg' = L POX) 1 os
( ) T 0 Ad—0 IAa (X) |X_X| a 472'50 |X—X’|3 ( )

(1.24) — X=x_
x—x
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