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1. Description: We have studied electromagnetism in two courses before:
General Physics II (freshman) and Electromagnetism (sophomore). What
is new in this course? Electrodynamics will deal with the “same”
Maxwell equations but from a more in-depth perspective. We are going to
introduce a powerful tool, the Green function, to solve the electrostatic,
magnetostatic, and even electromagnetic problems. To do that, we
unavoidably have to learn the mathematics in spherical and cylindrical
coordinates.

2. Textbook and References:
J. D. Jackson, “Classical Electrodynamics”, 3rd edition.
– D. J. Griffiths, Introduction to Electrodynamics, 4th edition.
– R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures

on Physics.

3. Time:  Tuesdays (10:10-12:00) & Thursdays (10:10-12:00)
150 min will be used for lecturing. Others may be used for Q&A, quiz, etc.

4. Classroom:  Physics Building R124 (69級講堂) 
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5. Homework: Doing homework is the best way to master the
concepts of Electrodynamics. Some of the homework problems
might be appeared in the exam.

6. Conduct of Class : Lecture notes will be projected sequentially
on the screen during the class. Physical concepts will be emphasized,
while algebraic details in the lecture notes will often be skipped.
Questions are encouraged. It is assumed that students have at least
gone through the algebra in the lecture notes before attending classes
(important!).

7. Grading Policy:
Midterm (~40%); Final (~40%); Quiz (~20%). Class participation
will be graded (∼5%). The overall score will be normalized to reflect
an average consistency with other courses.
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8. Lecture Notes:

Starting from basic equations, the lecture notes follow Jackson
closely with algebraic details filled in.

Equations numbered in the format of (1.1), (1.2)… refer to Jackson.
Supplementary equations derived in lecture notes, which will later be
referenced, are numbered (1), (2)... [restarting from (1) in each
chapter.] Equations in Appendices A, B…of each chapter are
numbered (A.1), (A.2)…and (B.1), (B.2)…

Page numbers cited in the text (e.g., p. 120) refer to Jackson.

Section numbers (e.g., Sec. 1.1) refer to Jackson. Main topics
within each section are highlighted by boldfaced characters. Some
words are typed in italicized characters for attention. Technical terms
which are introduced for the first time are underlined.
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9. Others:
 Electrodynamics is one of the most important courses for graduate

students. After class, you had better spend at least 12 hours per
week on this course.

 Those who have good grades can be waived from the Ph.D.
qualifying examination. Good grades mean that the score is A− or
better, and the overall ranking is in the top 30%.
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Week Date Content
一 09/02 (二) Introduction, evaluation etc. & Chap.1 Introduction to Electrostatics

09/04 (四) Chap.1  Probs. 3, 4, 5
二 09/09 (二) Probs. 6, 8, 9

09/11 (四) Probs. 14, 16, 17
三 09/16 (二) Chap.2  Boundary-Value Problems in Electrostatics I

09/18 (四) Probs. 1, 2. 3
四 09/23 (二) Probs. 4, 5, 9

09/25 (四) Chap.3 Boundary-Value Problems in Electrostatics II  Probs. 23, 26
五 09/30 (二) Probs. 1, 2, 3 

10/02 (四) Probs. 6, 7, 9
六 10/07 (二) Probs. 16, 20, 22

10/09 (四) Chap.3 and Quiz #1 Chaps. 1-3
七 10/14 (二) Chap.4 Multiples, Electrostatics of Macroscopic Media, Dielectrics

10/16 (四) Probs. 1, 2
八 10/21 (二) Probs. 7, 8

10/23 (四) Probs. 10, 12
九 10/28 (二) Midterm Chs. 1 – 4

10/30 (四) Chap.5 Magnetostatics, Faraday's Law, Quasi-Static Fields Probs. 1-3
十 11/04 (二) Probs. 1, 3, 6

11/06 (四) Probs. 11, 15, 19
十一 11/11 (二) Probs. 20, 22, 30

11/13 (四) Chap.6 Maxwell Equations, Macroscopic Electromagnetism, Conservation
十二 11/18 (二) Probs. 8, 10

11/20 (四) Probs. 11, 12
十三 11/25 (二) Probs. 15, 19

11/27 (四) Chap.6 and Quiz #2 Chaps. 5-6 
十四 12/02 (二) Chap.7  Plane Electromagnetic Waves and Wave Propagation

12/04 (四) Probs. 2, 3, 4
十五 12/09 (二) Probs. 6, 13

12/11 (四) Probs. 14, 28
十六 12/16 (二) Make up if necessary

12/18 (四) Final Chs. 5 – 7

This table is for your reference only. 

The practical schedule will depend on 
the students' learning condition.

Schedule
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Grade Criteria
0  Absent

1  Present
 Tries to respond when called on but does not offer much.

2
 Demonstrates very infrequent involvement in discussion.
 Does not offer to contribute to discussion, but contributes to a moderate degree when called on.
 Demonstrates sporadic involvement.

3

 Demonstrates adequate preparation: knows basic case or reading facts, but does not show evidence of trying to 
interpret or analyze them.

 Offers straightforward information (e.g., straight from the case or reading), without elaboration or very infrequently 
(perhaps once a class).

4

 Demonstrates good preparation: knows case or reading facts well, has thought through implications of them.
 Offers interpretations and analysis of case material (more than just facts) to class.
 Contributes well to discussion in an ongoing way: responds to other students’ points, thinks through own points, 

questions others in a constructive way, offers and supports suggestions that may be counter to the majority opinion.
 Demonstrates consistent ongoing involvement.

5

 Demonstrates excellent preparation: has analyzed case exceptionally well, relating it to readings and other material 
(e.g., readings, course material, discussions, experiences, etc.).

 Offers analysis, synthesis, and evaluation of case material, e.g., puts together pieces of the discussion to develop new 
approaches that take the class further.

 Demonstrates ongoing very active involvement.
 Contributes in a very significant way to ongoing discussion: keeps analysis focused, responds very thoughtfully to 

other students’ comments, contributes to the cooperative argument-building, suggests alternative ways of 
approaching material and helps class analyze which approaches are appropriate, etc.

Grading Class Participation (5%)
Participation is graded on a scale from 0 (lowest) through 5 (highest), using the criteria below. The criteria focus on what you
demonstrate and do not presume to guess at what you know. This is because what you offer to the class is what you learn from. I
expect the average level of participation to satisfy the criteria for a “2-3”.
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Practice makes perfect.

I took Electrodynamics three times.

大四：Prof. James Nester
從數學的完美性來看物理
2015年台灣物理學會特殊貢獻獎

碩一：寇崇善教授
他從實用的角度出發
目前是日揚執行長、明遠董事長

博一：嚴愛德教授
條理分明、思路清晰、講義精美
獲得第三次清華傑出教學獎

1st 2nd 3rd

9



國立清華大學Maxwell獎學金設置辦法
111年11月14日獎學金委員會初訂

112年3月29日系所務會議通過

一緣起：為表彰本系退休教授朱國瑞院士多年來對應用電磁教學與人才培育
的卓越貢獻，特設置此獎學金。獎勵修讀物理系所開之｢電動力學一/二｣及
｢電磁學一/二｣成績優良學生，以獎助優秀，激勵後進。

二基金：本獎學金由朱國瑞教授之學生捐贈，以永續基金之形式定存孳生利
息，以息款及本金支付獎學金，用完為止。

三名額：每學期每門課各三名。

四金額：每名三千元。

五申請與審核：本獎學金每年開學後，由物理系主任及該科授課老師主動遴
選上、下學期成績優良學生，再由系獎學金委員會議決。並於每年10月10
日撥款。

六附註：本獎學金無排他性，可兼領。

七本辦法經系務會議通過後實施。
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     , a powerful tool for treating electrostatic boundary-
value problems, is a simple application of : 
            
     Let ,  where  and 

Green's theorem
the divergence theorem

  v sd x da
φ ψ φ= ∇

∇ ⋅ = ⋅∫ ∫A n
A

A


( ) 2
 are arbitrary functions of position.

     

     Substituting these 2 expressions for  and into the
divergence theorem, we obtain ,

 

Green's first identity

n
ψ

ψ
φ ψ φ ψ φ ψ

φ ψ φ ∂
∂

∇ ⋅ = ∇ ⋅ ∇ = ∇ + ∇ ⋅∇⇒ 
⋅ = ∇ ⋅ =

∇ ⋅ ⋅

A
A n n

A A n 

3

2 3

2

c

                                    (1.34)
Interchanging  and  in (1.34), it reads,
     
Subtracting these two equations, we obta 'in Green s s e

( )

( )v

s

s

v n

d x dan

d x daψ

φ ψ
φ

φ ψ φ ψ φ

ψ φ ψ φ ψ

∂
∂

∂⇒ =

∇ + ∇

+

⋅

∇

∇

∇ ⋅∇ ∂

=∫ ∫

∫ ∫



2 2 3 )

o ,

                           (1

nd id t

.

i

35

ent y

( ) ( )v s nd x dan
ψ φφ ψ ψ φ φ ψ∂

∂
∂∇ − ∇ = − ∂∫ ∫

1.8 Green’s Theorem
Chapter 1: Introduction to Electrostatics

: phi    : psi    : thetaφ ψ θ
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2
     Green's theorem relates a volume integral to a surface integral and
the volume integral contains the operator . These features are useful
for the manipulation of the Poisson equation in bounded s

∇

2 2 3

pace.
     For example, applying Green's second identity: 
                                (1.35)
we may convert the Poisson equation into an integral equation.
        

( ) ( )v s nd x dan
ψ φφ ψ ψ φ φ ψ∂

∂
∂∇ − ∇ = − ∂∫ ∫

0

0

2

3

2

1

1
|| |

1
| In (1.35), letting  be ,  ,   be the electro-

static potential  (thus, ),  and  be the integration var
i

( 4 (

iable, 
we obta n
        

))

4 ( ) ( )[ ] [v d x

ρ
ε

ε

ψ φδ

π ρ

π

δ − ′

− ′ − ′
′Φ ∇ Φ = −

′ ′ ′− Φ − + = Φ

′∇ = − −

∫ x x

x xx x
x

x x

x x

x

 ( )3
0

1

1 1

( )1 1
4 4

1

1

  

       (1.36)

     (1.36) is an integral equation (not a solution) for . In infinite space,
we have . H

( )

( ) ]

v

s

s

R

n

n

n

nd da

d

x

a

ρ
πε π ′−

− −

′

′

−

′

− ′
′ ∂

∂

Φ

∂Φ
∂ ′

∂
∂ ′

∂

∂ ′

′

 

Φ

′ ′Φ = + − Φ 

′

⇒

Φ ∝



−

∫ ∫

∫

x xx

x x x x

x x x
xx





0

3( )1
4 | |ence, (1.36) reduces to ( ) .v d xρ

πε
′

− ′
′Φ = ∫

x
x xx

1.8 Green’s Theorem (continued)

 inside vx

How? See (1.31)
or Page 18.
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( )x aδ −

aa a1 2
x1

2
1 2

                              

: 
( ) 0 ,           if 

     
( ) 1 ,   if  

     : Since the delta function is defined in 

a
a

     Definition of  the delta function
x a x a

x a dx a a a

Note

δ

δ

− = ≠
 − = < <∫

Delta Functions

1
2

terms of an integral, 
               . 
     :

     (i) ( ) ( ) ( )                                           

it takes an integration to bring out its full meaning

a
a

Properties of  delta function

f x x a dx f aδ − =∫

11 1
2 22

0

      (2) 

     (ii) ( ) ( ) ( ) ( ) | ( ) ( )

           ( )                                                                           (3)

a aa
aa af x x a dx f x x a f x x a dx

f a

δ δ δ′ ′− = − − −

′= −

∫ ∫

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aa a x

( )f x
1 2  ( ) ( )  f a f a>

2 1 

Delta Functions (continued)

 
aa  a2 1 

( )  f x
2 1( ) ( )f a f a>

x1 1

1

1

2 2

2

2

( )
( )

( )
( )

( )
( )

( )

( )

1
( )

1 1 1
( )

1 1 1
( )

     (iii)  Let  be the root of ( ) 0,  then   

      [ ( )] [ ( )] ( )  

( ) ,      ( ) 0
 

( ) ,  ( ) 0

a f a
a f a

f a
f a

f a
f a

d
dx

f a

f a

f x

f f a

f f a

x a f x

f x dx f x df x

f df f a

f df f a

δ δ

δ

δ

′

′

′ ′

′ ′

= =

=

 ′= = >
= 

′− = − = <

∫ ∫

∫

∫

( ) ( )
1 1

     : In both expressions above, 
, as in the definition of the delta function.

     Compare with (2) [ ( )] ( ) [ ( )

the integration is from a samller 
value to a larger value

f a f x

Note

f x x a x aδ δ δ
′ ′






⇒ = − = −

( ) ( )
1 1

]  (4)

     If ( ) has multiple roots  [ ( ) 0,  1, 2, ], then

          [ ( )] ( ) [ ( )]                     (5)

     : Show ( ) ( ) and ( ) ( )/ | |
i

i i

i i
i if x f x

f x x f x i

f x x x x x

Exercise a x x a cx x c

δ δ δ

δ δ δ δ

∑ ∑′ ′

= =

= − = −

− = − =


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1x
2x

3x x

Delta Functions (continued) 

1 2 3

1 1 2 2 3 3
3

1 1

:    
     1. Cartesian coordinates:   ( , , )
             ( ) ( ) ( ) ( )                                (6)
        ( ) (V

         Extension to 3 dimensions 
x x x

x x x x x x
d x x x

δ δ δ δ
δ δ

=
′ ′ ′ ′− ≡ − − −

′ ′⇒ − = −∫

x
x x

x x

{
1 2 2 2 3 3 3

1

) ( ) ( )
0,  if lies outside              
1,   if  lies inside 

     2. Cylindrical coordinates:   ( , , )
             ( ) ( ) ( ) ( )                   

dx x x dx x x dx
V

V
z
z zρ

δ δ

ρ ϕ
δ δ ρ ρ δ ϕ ϕ δ

′ ′− −

′
= ′

=
′ ′ ′ ′− ≡ − − −

∫ ∫ ∫
x  
x

x
x x

{

3

               (7)

        ( ) ( )

             ( ) ( ) ( )
0,   if  lies outside              
1,   if  lies inside 

 If  and  both e: hav

V V

    

d

    Question

x d d dz

d d z z dz
V

V
x

δ δ ρ ρ ϕ

δ ρ ρ ρ δ ϕ ϕ ϕ δ

′ ′⇒ − = −

′ ′ ′= − − −

′
= ′

∫ ∫

∫ ∫ ∫

x x x x

x
x

x  the dimension of cm, what are the
             dimensions of ( ) and ( )? [See Appendix (A), Eq. (A.9).]xδ δ x

x1
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Delta Functions (continued) 

3         
[see (9) below]

d x

Variables are to
be integrated
from smaller to
larger values.

θ

ϕ

r

r  

     
2

2

1 1
sinsinBy (4), (cos cos ) ( ) (

     3. Spherical coordinates: ( , , )  
1 ( ) ( ) ( ),  orsin ( )                         (8)1 ( ) (cos cos ) ( )

          

r

r rr
r rr

θθδ θ θ δ θ θ δ θ

θ ϕ

δ δ θ θ δ ϕ ϕ
θδ

δ δ θ θ δ ϕ ϕ

′ ′− = − =

=

 ′ ′ ′− − −′− ≡ 
′ ′ ′− − −

r

r r

2
3 2

),  0

( ) ( ) (cos cos ) ( ) (cos )

0, if  lies outside                           
1,  if  lies inside 

     : Volume integration in spherical coord

V V
r rd x r drd dr

V
V

Note

θ θ π

δδ δ θ θ δ ϕ ϕ θ ϕ

′− ≤ ≤

− ′′ ′ ′− = − −

′=  ′

∫ ∫r r

r
r



2 22
0 0 0 0 0 0

1 22 1
10 1 0

3 2 2

inates

 sin sin

 (cos )           (cos )
                                                           sin   or  (cos )

dr rd r d r dr d d

r dr d d d

d x r drd d r drd d

π π π π

π

θ θ ϕ θ θ ϕ

θ ϕ θ

θ θ ϕ θ ϕ

∞ ∞

∞ −
− ∫

=

= −

⇒ =

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫


                                 (9) 16



     :
     The delta function, ( ),  can be represented analytically by the
following functions because they satisfy the definition of the delta 
functio

Approximate representations of  the delta function
xδ

2
22

2 20

0

0

n in the limit 0 (  > 0).
1        ( ) lim                                               

1        ( ) lim  e                                            
2

,   fo
        ( ) lim

1

x

x
x

x

x

γ

γ

γ

γ

γ γ
γδ

π γ

δ
πγ

δ γ

→

→

→

−

→

=
+

=

=
r 2 2                              

0,   otherwise         

xγ γ − < <



Delta Functions (continued) 
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  a

z

: A total charge  is uniformly distributed around 
a circular ring of radius  and infinitesimal thickness. Write the
charge density ( ) in cylindrical coordinates. 

:
Let (

1

) ( )

E

r

xampl  Q
a

Solut
a

e

ion
K

ρ

ρ δ δ= −

x

x
3

( ) and find  as follows.  
( ) ( ) ( )

                2

       
2

       ( ) ( ) ( )
2

:  has the dimension of "charge/volume" as expected. 

 
 

z K
d x K r a z rdrd dz

Ka Q
QK

a
Q r a z

a
Note

ρ δ δ ϕ

π

π

ρ δ δ
π

ρ

= −

= =

⇒ =

⇒ = −

∫ ∫x

x

Delta Functions (continued)

Is there any ϕ-dependence?
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θ

ϕ

r

r  

2

3

2

2 3 3

2

1

11

1

: Prove 4 ( )  

( ) 0,  if  0
: Definition of ( ) :

( ) 1
     Hence, we need to prove  
       (i) 0,  if 0

       (ii) 4 ( ) 4
     It is 

( ?)2 x x
r

Solution
d x

r

d x d

Example 

x

r

r
r

πδ

δ
δ

δ

π δ π

−
∇ = −

= ≠
 =

∇

∇ ′

∇ = ≠

= − = −

∫

∫ ∫

r

r
r

r

r

2 2 2 2

2 2 2
22

2

2 2  

2

2
2

1 1 1

1 1 1 1

convenient to use the spherical coordinates. To prove (i), we
we write  as (see back cover of Jackson)

         ( ) (sin )  sin sin

( ) ( )d d d
dr dr dr

r r rr r
rr rr r r

r

r

θθ θθ θ ϕ

∇
∂ ∂ ∂ ∂ ∂∇ = + +∂ ∂ ∂ ∂ ∂

⇒ ∇ = = − =

2
2

0   if   0

     :  is undetermined at 0. However, here we are only

              concerned with the region 0.

Note r

r

r

r
r

≠

=

>

Delta Functions (continued)
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x
′x

r



2
1

2
2

2

2 3 3

1

1 1 1 1

     To prove (ii), we integrate  over a spherical volume 

 4

     : Since  > 0 on the spherical surface, again we do not have 
            

r

rv v s s

r

V

d x d x da r d

Note r

r

r

r r r π
−

∇

∇ = ∇ ⋅∇ = ∇ = − Ω = −⋅∫ ∫ ∫ ∫
e

e
 

2

2

2

2

1
| |

1

   the problem of evaluating /  at  = 0. 
     Change to a coordinate system in which 
and . We obatin from 4 ( )

                                              4 ( )

r r r

r r π

π

δ

δ− ′

′= −
′=

′

− ∇ = −

∇ = − −x x

r x x

x

x x

x

r

[ ]

0 0

0

00

2 3

2 2 3

3

( ) ( )1
4 | |

1 1
4 | |

( )1
4

                  (1.31)

: Derive ( )  from ( )

     :  ( ) ( )

                     ( ) 4 ( )

3     d xE e

Solut

d

xam

ion d

x

pl  

x

ρ ρ
ε πε

πε
ρ
επε

ρ

ρ πδ

′
− ′

− ′

′∇ Φ = − Φ =

′ ′∇ Φ = ∇

′ ′ ′= − − = −

∫

∫

∫

x x
x x

x x
x

x x

x x

x x x

2r dΩ

Delta Functions (continued)

divergence thm.

optional
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V

ρ

S

  n

 
Dirichlet boundary condition:  specified

          
Neumann boundary condition:  specified 

     As another application of Green's theorem, we use it to prove the 
uniqueness theorem for the 

s

sn
∂
∂

 Φ


Φ

1 2
2

0
2

1

solution of the Poisson equation.
Take Dirichlet boundary condition as an example.
     Let there be two solutions,  and ,  which both satisfy
      with  on  (Dirichlet b.c.),

i.e. 

s Sρ ε
Φ Φ

∇ Φ = − Φ = Φ

∇ Φ = − {0 1
2 22 0

2
1 2

 with  on 

     Define ,  then 0 with 0 on   

s
s

s s

S

U U U S

ρ ε
ρ ε

 Φ = Φ
 Φ = Φ∇ Φ = −

≡ Φ − Φ ∇ = = Φ − Φ =

1.9 Uniqueness of Solution with Dirichlet or 
Neumann Boundary Conditions
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V

ρ

S

  n

( )



2 3

22 3 3

0

1 2

 

c

   Rewrite Green's 1st identity: 

     Let    

( ) 0 0

0 everywhere within 
0  since 0 on 

                         

v s v

v s n

U

d x da

U

U U U U d x U da U d xn

U V  
U U S

ψφ ψ φ ψ φ

φ ψ

∂
∂

∂
∂

∇ + ∇ ⋅∇ =

= =

⇒ ∇ + ∇ ⋅∇ = = ⇒ ∇ =

⇒ ∇ =
⇒ = Φ − Φ = =

=

∫ ∫ ∫

∫ ∫





1 2 and  differ by at most a constant, hence are the same solution.
: Since the solution is uniquely determined by specifying either

           or /  on the boundary, the

onst.,  if / 0 on 

Note
n

U n S∂
Φ

∂
⇒ Φ

Φ Φ

=

∂ ∂  Cauchy boundary condition
          (  and /  both specified on the boundary) is an over-
              specification, which may lead to inconsistency. 

:  Prove that there cannot be any stati

n

Exercise

Φ ∂Φ ∂

c  inside a closed,
          hollow conductor if there is no charge in the hollow region. 

E

1.9 Uniqueness of Solution… (continued)

b.c. 0 or / 0 on U U n S= ∂ ∂ =
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2

 ( , ) :
    In electrostatics, the Green function is 
 the solution of the followi

( , ) 4 ( )  with 
ng problem:  

    ,        
where  is the variable

( ,
 o

) 0 for on 

    

D D

D

G G S

G

πδ′ ′ ′∇ =

′

− − =

Green Function x x

x
x x x x x x x 

0

f the differential equation and is treated as
a constant. ( , ) is the potential of a unit point source ( 4 )
located at  subject to the b. c. that ( , ) vanishes for on .

    

D

D

G q
G S

πε
′

′ →
′ ′

x  
x x

x x x x 

Symmetry P

2

 ( , ) :     

    Consider two equations: one with a 
point source at , the other with a point source at . The variable is .
     ( , ) 4 ( ),     b.c.  ( , ) 0  for  on 

     

D

y D D

G

G G Sπδ

′

′

∇ = − − =

∇

roperty of x x

x x y
y x y x y x y

2 ( , ) 4 ( ),   b.c.  ( , ) 0  for  on y D DG G Sπδ′ ′ ′= − − =y x y x y x y

        
    

x

0 for
 on 
DG

S
=

→x
S0

x ′

1.10 Formal Solution of Electrostatic Boundary-Value 
Problem with Green Function

        
    

x

0 for
 on 
DG

S
=

→y
S0

x ′
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1.10 Formal Solution of Electrostatic Boundary-Value Problem…(continued)

( )2 2 3

2 2 3

4 ( ) 4 ( )

           (1.35)

     Let ( , ) and ( , ),  where  is the variable.

     ( , ) ( , ) ( , ') ( , )

Rewrite

[ ]

 : y y

D D

D y D D y D

v s n nd y da

G G

G G G G d y

πδ πδ

ψ φφ ψ ψ φ φ ψ

φ ψ
− − − −′

∂ ∂
∂ ∂

 ∇ − ∇ = −
 

′= =

′⇒ ∇ − ∇

∫ ∫

y x y x
y x y x y

y x y x y x y x
 



2

 0 on  0 on 

            ( , ) ( , ) ( , ) ( , )

     4 [ ( , ) ( , )] 0
     ( , ) ( , )    [symmetry property of ( , )]
    

1. Does 

:

(

[ ]D D D D

D D

S S

D D D

D

v

s G G G G dan n

Questions

G G
G G G

 

G

π
= =

∂ ∂′ ′= −∂ ∂

′ ′⇒ − =
′ ′ ′⇒ =

∇

∫

∫ y x y x y x y x

x x x x
x x x x x x

 



2, ) 4 ( ) imply ( , ) 4 ( )? 
2. Give two examples to show the physical meaning of the symmetry 
    property of ( , ).

D

D

G

G

πδ πδ′ ′ ′ ′ ′= − − ∇ = − −

′

x x x x x x x x

x x
24



  
     

 
              sφ

 Sρ

1.10 Formal Solution of Electrostatic Boundary-Value Problem…(continued)

0

3( )1
4 | |

     
     The expression ( )  is applicable only to

unbounded space. By Green's theorem, we may generalize it to an
expressi

d xρ
πε

′
− ′

′Φ = ∫
x

x x

Formal Solution of Electrostatic Boundary - Value Problem :
x

2
0

on for bounded space with prescribed boundary conditions.
     Consider a general electrostatic boundary-value problem:
                       (10)
    Green's 

( ) ( ) /   with ( ) ( ) for on s Sρ ε∇ Φ = − Φ = Φx x x x x 

2 2 3
2nd identity:  

       ( ) ( ) ( ) ( )

  ( ) ( ) ( ) ( )                            (1.35)

     In (1.35), let ( ) be the solution of (10) with va

         
v

s

d x

dan n

φ ψ ψ φ

φ ψ ψ φ

φ

 ′ ′ ′ ′ ′ ′ ′∇ − ∇ 
∂ ∂ ′ ′ ′ ′ ′− ∂ ∂′ ′

′

=

∫

∫

x x x x

x x x x

x



2
D D

riable (i.e., Φ( )). 
 Let ( ) G ( , ), where G ( , ) is the Green function satisfying
      ( , ) 4 ( )  wit

o
h ( , ) 0 for    (11)

     Su n
 

bstitutio  of ( ) and ( ) int
on D DG G S

ψ

φ
πδ

ψ
′ ′ ′ ′ ′∇ = −

′ ′
′ ′ ′=

′ ′
− =

x  x
x x x x x

x
x x x x x x x

x
 

 (1.35) gives 25



  
     

 
              sφ

 Sρ

0

2 2 3

0

( )4 ( )

 0 on 

3 (

( , )

1
4

     

 [ ( ) ( , ) ( , ) ( )]
  

     Thus, 
1

we obtain  

4

( ) ( , ) ( ) [ ]

( ) ( ) ( , ) ( )

D D

D

D D

D

S

v

G

G

G G d x

n nG

G

as

d

d

x

ρ επδ

πε πρ

′−′− −

=

∂

′

′ ′ ′ ′ ′ ′

Φ

′Φ ∇ − ∇ Φ
∂ ∂
∂ ∂′ ′

′ ′ ′−

′ ′ ′ ′=

∫

Φ

′

−

= Φ Φ∫

xx x

x

x x

x x x x x x

x x x x

x x x x x

 





s

, ) (1.44)

     (1.44) expresses the solution  of the general electrostatic problem
in (10) in terms of the solution ( , ) of the point source problem 
in (11) and the boundary v

 

alu

 

e (
D

n das

G

v
′

∂ ′ ′

Φ
′

Φ

∫ ∫
x

x x



) of  on . To evaluate (1.44), we 
first solve (11) for ( , ), then substitute ( , ),  ( ),   into  
(1.44). It is often simpler to solve ( , ) from (11) than solving  
directly from (10), 

D D s

D

S
G G

G
ρ

Φ
′ ′ ′ Φ

′ Φ
x x x x x

x x
because (11) has the simple b.c. of ( , ) 0 on

. Applications of (1.44) can be found in Chs. 2 and 3. The problem
below gives an application without the need to solve (11) for ( , ).

DG
S

G

′ =

′

x x

x x

1.10 Formal Solution of Electrostatic Boundary-Value Problem…(continued)
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0
1

4

     : Let the center of the cube be at 0 and rewrite (1.44):

( )( )
Solution

πε ρ

=

′Φ =

x

xx 3

0 0

0 0

1
4

 1
4

( , ) ( ) ( , )   (1.44)

      If all 6 sides had the potential ,  then ( 0)  and by (1.44)
                       (0, )                              

D D

D

v s

n

G d x G dan

G das

π

π
∂
∂ ′

∂′ ′ ′ ′ ′− ∂ ′
= =

′ ′−

Φ∫ ∫

Φ Φ Φ
Φ = Φ∫

x x x x x

x
x





0

0

0 01 
 b

  1 1 1
4 6 4

   (12)

      For the present problem, we have  on side 1 and 0 on
the other 5 sides. By (1.44), the potential at the center is

0 (0, ) (0, )( ) D Dside n nG da G dasπ π
−Φ

∂ ∂
∂ ∂′ ′

= =

′ ′ ′ ′= − −

Φ Φ Φ

Φ = Φ = Φ∫ ∫x x x


0
y (12)1

6                  = Φ


Example: A hollow cube (see figure) has six square 
sides. There is no charge inside. Five sides are 
grounded. The sixth side, insulated from the others, 
is held at a constant potential Φ0. Find the potential 
at the center of the cube.

 (0, ) is symmetric with
     respect to all six sides.

DG ′x

1.10 Formal Solution of Electrostatic Boundary-Value Problem…(continued)

27

Self-learning



1

1

0

     Coulomb's law, discovered experimentally, is a fundamental law
governing all electrostatic phenomena. It states that the force on 
point charge  due to point charge  obeys (see figure) 

4

q q

qq
πε

=F

21

2
1

1

11. ,  , and .
2.  is along .
    (central force)

 is attractive if  and  have opposite signs.
3. 

 is repulsive if  and  have the same sign.
     Furthermore, if there are mu

r

r
F q q
F r

r F q q
F q q

 ∝



⇒ 
 
 



e

ltiple charges present, the total force
on  is the vector sum of the two-body Coulomb forces between 
and each of its surrounding charges.

 What is the principle of linear superposition?:     Question

q q

1q r
q  re

1.1 Coulomb’s Law

28
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0

     The electric field at point  due to one or more charges is defined 

as ( ) lim                                                           (1.1)

where  is a test charge and  

,
q q

q
→

≡ F
  x

                 E x

F

20 0

1
1 1

3
1

4 4 | |

is the total Coulomb force on . We let
 be infinitesimal so that it will not alter the field configuration.

     Thus, ( ) due to a single point charge  is 

     ( )

  

r
q q

r

q
q

q

πε πε
−
−

= = 1

1

x x
x x

E x

E x e

0

3

1

3
( )( )1

4 | |

   For distributed charges, we have by linear 

superposition: ( ) (1.5)

      Why write " " as " "?: r

v d x          

e

               

rQu stion

       ρ
πε

−′ ′
− ′

′=

−

∫
x x x
x x

E x

e x x

  

re

x
1x

r
1q

0

1.2 Electric Field

1 1 1 1

2 2 2
1 1 1 1

= ( ) ( ) ( )

| | ( ) ( ) ( )

r x y zr x x y y z z

r x x y y z z

− = − + − + −

= − = − + − + −

e x x e e e

x x
  v

        
S         

        x′x

0 29
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2
04 r

q
rπε

=E e

rr=r eq

         S

dΩ da

n
  θ

     Consider a point charge  and a closed surface  and adopt the 
following notations:   

: unit vector 

infinitesimal surface area on 
:  unit vector normal to 

and pointing 

:  

 r

q S

S
da

        outward

da

e

  n

2
2 2 00 0

0
0

44 4

4

along 
 :  The angle between  and  

  cos  =

,   inside 
  

0,     outside 

     :  carries the sign of cos .

 

r
dr

s

q q q
r r

q
q

da da da d

d

q S
da d

q S

Note

πεπε πε

ε
πε

θ

θ

θ
Ω








⋅ = ⋅ = Ω

Ω

⇒ ⋅ = Ω = 


∫∫

r
n E

      E n e n

E n





Gauss's law for  (1.9)a single charge
 
  

 outside ,   
0   

q S
dΩ =∫

q

n 

  S
n

   inside ,
  4
q S

d πΩ =∫ q
n

n

       S

0,  if cos 0
0,  if cos 0

d
d

θ
θ

Ω > >
⇒ Ω < <

1.3 Gauss’s Law
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1.3 Gauss’s Law (continued)

0
1

     By the principle of linear superposition, Gauss's law for a discrete
set of charges inside  is
                                                                      (1.10)

and Gauss

i
is

S
da qε ∑⋅ =∫ E n



0
31

's law for a distribution of charge is  

              ( )                                              (1.11)

     : (1.11) is the form of Gauss's law. In the
next se

s vda d x

Discussion integral 
ε ρ⋅ =∫ ∫E n x



ction, we will derive the form of Gauss's law.
Gauss's law is a powerful mathematical representation of Coulomb's
law (see example below). Furthermore, as will be shown in Ch. 6, 
the two fo

differential 

0

3
3

( )( )1
4 | |

rms of Gauss's law are also applicable to 
cases where the original form of Coulomb's law (a  law), 

             ( ) , 

no longer applies.
v

time - dependent
static

d xρ
πε

−′ ′
− ′

′= ∫
x x x
x x

E x
31
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a: radius of shell
Q: total charge on shell

Shell theorems - an application of Gauss’s law:
Halliday, Resnick, and Walker, “Fundamentals of Physics”:
“The two shell theorems that we found so useful in our study of

gravitation hold equally well in electrostatics:
Theorem 1: A uniform spherical shell of charge behaves, for

external points, as if all its charge were concentrated at its center.
Theorem 2: A uniform spherical shell of charge exerts no force on a

charge particle placed inside the shell.”

[ ]

[ ] 0

2
0

2

4

Symmetry consideration  

,    
 

0,      
,       (as if  were at 0)

0,                 (  produces no )

Gauss' law

: 
 

 4

                    

r r

r

r

Q

Q
r

r a

r a
r a Q r

r a Q

     Proof
E

r E

E

ε

πε

π
 >


<
 > =


<

⇒ =

⇒ =

⇒ =
E

E e

1.3 Gauss’s Law (continued)
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3

     Using the divergence theorem: 
 is a unit vector normal to the

surface element  and pointing         ,  away from the volume  enclosed
by surface .

we obtain from  

v s
da

S
d x vda

d


∇ ⋅


 
 
 

⋅


⋅

=∫ ∫A n

E

A
n

n



[ ]

0

0

3

3 3

3
0

0

1

1

( )   [(1.11)]

          ( )

   ( ) 0                                                     (1.12)

     differential form of Gauss's law          

s v

s v v

v

a d x

da d x d x

d x

ε

ε
ρ

ρ

ρ

ρ

ε

ε

=

⋅ = ∇ ⋅ =

⇒ ∇ ⋅ − =

⇒ ∇ ⋅ =

∫ ∫

∫ ∫ ∫

∫

x

E n E x

E

E





3

     (1.13)

      If ( ) 0 for an arbitrary volume , then 
                      ( ) 0 everywhere. This is the basis for obtaining
                      (1.13) from (1.12). Does 

: v

s

Quest f x d x v
f

n
x

d

io =

=
⋅ =

∫

∫ A a


0 for an arbitrary 
                      closed surface  imply  = 0 everywhere?S A

1.4 Differential Form of Gauss’s Law

n
S

  v
da
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1.5 Another Equation of Electrostatics 
and the Scalar Potential

2 2 2 2

2 2 2 2

2 2 2 2

12 2 2 2

12 2 2 2

2

2

| |       

[( ) ( ) ( ) ]

  [( ) ( ) ( ) ]

  [( ) ( ) ( ) ]

[( ) ( ) ( ) ] 2( )

  [( ) ( ) ( ) ] 2( )

n

n

x
n

y
n

z
n

x
n

x

y

z
n

n

x x y y z z

x x y y z z

x x y y z z

x x y y z z x x

x x y y z z y y

−

−

∂
∂

∂
∂

∂
∂

′∇ −

′ ′ ′= − + − + −

′ ′ ′+ − + − + −

′ ′ ′+ − + − + −

′ ′ ′ ′= − + − + − −

′ ′ ′ ′+ − + − + − −

x x

e

e

e

e

e

3 3

12 2 2 2

2
2

 1 1
| | | | | | | | | |

  [( ) ( ) ( ) ] 2( )
| | ( )                                                                  (1)
: | | ; ; 3

y
n

z
n

n x x y y z z z z
n

Ex

−

−

− − −′ ′ ′
− − − − −′ ′ ′ ′ ′

′ ′ ′ ′+ − + − + − −

′ ′= − −

′∇ − = ∇ = − ∇ = −x x x x x x
x x x x x x x x x x

e
x x x x

x x 5

 operates on .
 operates on .
| ' | | |n n

∇
′ ′∇
′ ′∇ − = −∇ −

x
x

x x x x
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[ ]

0 0

0

3 3

3

3
( )( ) ( )1 1

4 4 | || |

( )1
4 | |

( )

            ( ),  

where ( )       scalar potential             (1.17)

         0                              

d x d x

d x

ρ ρ
πε πε

ρ
πε

−′ ′ ′
− ′− ′

′
− ′

′ ′= = − ∇

= −∇

′≡

⇒ ∇×

Φ

Φ

∫ ∫

∫

x x x x
x xx x

x
x x

     E x

x

x

E =                                    (1.14)
      0. Is the reverse also true? 
     Below we show that ( ) can be interpreted as the potential
energy of charge  at position , an  

:

d
q

q

Question = −∇ ⇒ ∇×

∇×

Φ
Φ

E E =
x

x 0 can be derived by
an alternative method using Stokes's theorem:
            ( )  c sd da⋅ = ∇× ⋅∫ ∫

E =

A A n




 (open 
surface
bounded
by loop ) 

S

C

loop C
d
da

n

1.5 Another Equation of Electrostatics and the Scalar Potential (continued)

3
1

| | | |
− ′

− ′ − ′
∇ = − x x

x x x x

: a line element on a closed loop 
: arbitrary open surface bounded by loop 
: unit vector normal to surface element  in

    the direction given by the -   

d C
S C

da
right hand rule

n


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1.7 Poisson and Laplace Equations

0
                                                               (1.13)

     Rewrite 
                                                                (1.16)

     Sub. (1.13) into (1.16), w

ρ
ε∇ ⋅ =


= −∇Φ

E

E

2
0

e obtain the Poisson equation
                                                                                  (1.28)

     In a charge-free region, (1.28) reduces to the Laplace euqation

       

ρ
ε∇ Φ = −

2     0                                                                           (1.29)∇ Φ =
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re

x1x

r
1q

0

  v
        

S         

        x′x

0

Summary of Secs. 1-5 and 7:

1
2

04 r
qq

rπε
=F e

0

         
lim
q q→

↑
≡ FE

1

1

0

0

0

0

3

3

2

1
3

1

3

4
( )

4 | |
( )( )1

4 | |
( )1

4 | |

 

 

r
q

r
q

d x

d x

πε

πε
ρ

πε

ρ
πε

−
−

−′ ′
− ′

′
− ′

=

=

′=

′= − ∇

= −∇Φ

∫

∫

x x
x x

x x x
x x

x
x x

E e
1

1

rr
r

← = −
= −

e x x
     x x

principle of 
   linear superposition

←

2
| |

    | | ( )−
′← ∇ −

′ ′= − −

n

nn
x x

x x x x

0

3( )1
4 | | d xρ

πε
′

− ′
′← Φ ≡ ∫

x
x x

0∇× =E
0

31 ( )s vda d xε ρ⋅ =∫ ∫E n x


0ρ ε∇ ⋅ =E
2

0ρ ε∇ Φ = −

divergence thm.←

0f →∇×∇ =
← derived in Sec.1.3 using 2

04
rq
rπε

= eE
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Questions on Secs. 1-5 and 7:

1. Can one calculate E by using ∇ · E = ρ /ε0 alone? 
2. Can one calculate Φ (hence E) by using ∇2Φ = −ρ /ε0 ? How? 

3. Can one calculate Φ (hence E) by using                                       ?
How? 

4. Why break one equation,                                       , into two      

equations: ∇ × E = 0 and ∇ · E = ρ /ε0 ?
5. Coulomb’s law gives ∇ × E = 0 and ∇ · E = ρ /ε0 . Can it give any 

other independent relation for E?

Helmholtz’s Theorem: “A vector is uniquely specified by giving its 
divergence and its curl within a region and its normal component over 
the boundary.” (Arfken, “Math. Meth. for Physicists”, 3rd Ed. p.78)

0

3( )1
4 | |( ) d xρ
πε

′
− ′

′Φ = ∫
x

x xx

0

3( )1
4 | |( ) d xρ
πε

′
− ′

′Φ = ∫
x

x xx
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6. Is the integral form of Gauss’s law mathematically equivalent
to the differential form of Gauss’s law?

Answer: Yes. To prove the mathematical equivalence, we need to
show that the integral form of Gauss’s law is both a sufficient and
necessary condition for the differential form of Gauss’s law. This
can be demonstrated as follows:

Downward manipulation (⇓) shows that (1.11) is a sufficient
condition for (1.13). Upward manipulation (⇑) shows that (1.11) is a
necessary condition for (1.13). Hence, the two forms of Gauss’s law
are mathematically equivalent.

3

3
0

0

0

( )

                divergence thm.
( ) 0  (for arbitrary volume )

              

1                                  (1.11)

                                          

v

vda d x

d x v

ρ

ρ ε

ε

ρ ε

∫

⋅

⇑ ⇓ ←
∇ ⋅ − =

⇑ ⇓

= ∫

∇⋅ =

∫ E n x

E

E



        (1.13)
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7. Is Gauss’s law mathematically equivalent to Coulomb’s law?
Answer: No, because Coulomb’s law is a sufficient but not a

necessary condition for Gauss’s law. That is, we may derive Gauss’s
law from Coulomb’s law, but not the reverse.

While Coulomb’s law completely specifies the E field, we need
more information to completely specify the E field from Gauss’s law.
This is clear when we write Gauss’s law in its differential form,
∇ · E = ρ /ε0 . By Helmholtz’s Theorem, we also need the curl of E
to completely specify E. In electrostatics, this is given by ∇ × E = 0.
In general, it is given by Faraday’s law, ∇ × Ε = −∂Β/ ∂ t (Ch. 5).

As will be shown in later chapters, while Coulomb’s law [in the
form of (1.5) or (1.17)] deals only with the static E field, Gauss’s
law covers a much broader class of fields than Coulomb’s law, such
as the E field of an electromagnetic wave.
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8. Is Gauss’s law physically equivalent to Coulomb’s law?
Answer: In the special case of electrostatics, the field

surrounding a point charge is symmetric, implying E=Erer.
Choosing a spherical surface of radius r centered at the point charge,
we may obtain Coulomb’s law from Gauss’s law,

In 1.3, we have also derived Gauss’s law from Coulomb’s law;
hence, the two laws are physically equivalent in electrostatics.
However, as discussed in question 7, the two laws are not
mathematically equivalent, nor are they physically equivalent in
electrodynamics.

3

0
2

0

2
0

    (Gauss's law)

 (Coulomb's law)

1 ( )   

4

    
4

r

r

da v

d

d x

E r q
qE

r

ρ
ε

π ε

πε

⋅

⇒ ⋅

⇒

= ∫

= =

=

∫

∫

E n

E a

x



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 σ1E
2E1 n

2  n

 ,    a q∆ ∆

pillbox 
(thickness 0)→

0

     The surface charge density is defined as charge per unit area
on the surface: ( ) lim  

:  and  have different dimensions.
     Apply Gauss's law, 

a

q
a

     Note

σ

σ ρ
∆ →

∆
∆≡

⋅

     Surface Layer of Charge :

x

E n
0

0

0 0

1 1 2 2

1 2

2 1 2

, to an
infinitesimally thin pillbox, we obtain 
            ( )
             

1       ( )                                         (1.22)

     The tangentia

q
a

qda

qa

ε

ε

σ
ε ε

∆
∆

=

∆⋅ + ⋅ ∆ =
= −

⇒ − ⋅ = =

∫

E n E n
n n
E E n



l component of  can be shown to be continuous
across the layer by applying 0 to the loop drawn in 
dashed lines in the figure.

C
d⋅ =∫

E
E





1.6 Surface Distributions of Charges and Dipoles and     
Discontinuities in the Electric Field and Potential
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 (uniform distribution of 
     on a layer of radius )Q a
σ

Φ

a

a

At ,   r a=

r

{  is continuous.
 is discontinuous.rE

Φ

1.6 Surface Distributions of Charges and Dipoles… (continued)

0

0

4

4

: (see figure)

,  

,  

a
Q

Q
r

Example

r a

r a

πε

πε

 ≤Φ = 
>

      
     1. Fields (  and ) of a  charge diverge as one moves 
infinistesimally close to the charge. Explain why fields of the 

 charge do not diverge as one moves infinistesim

:

a

E point

su

Quest

rface

ions
Φ

lly close
to the surface.
      : A point charge is a finite amount of charge concentrated
at a However, for the surface charge, one must integrate  over 
a finite surface area to obtain a f

Answer
point. σ

inite amount of charge. Hence, there 
is no finite amount charge at a single point on the layer.
     2. Why is  continuous across the layer?Φ 43



1.11 Electrostatic Potential Energy and Energy 
Density; Capacitance

0

0

3

3

3

     : Let 
. The work done to add  is 

            ( ) ( )

                  ( )

  

( ) be the fiel

            

d due to the presence
of 

    ( )

W d x

d x

d x

δρ
δ δρ

ε δ

δ

ρ

ε

Φ

= Φ

= Φ∇ ⋅

= ∇ ⋅ Φ

∫

∫

∫

Electric Field Energy

x x

E x

x

E
 

0
0

0 0

0

0

3 3

23 3

2
0

3 3
0 as 

2

2 22
1 1

                                          (1.54)

   

( ) ( )

 ( ) ( )

 ( ) ( )  

E

r

d x d x

W d x d d x

d x dsW d xε

ε

ρ
ε

ε δ ε δ

ρ

ε

ρ
→ →∞

Φ

+ ⋅ = ⋅

⇒ = ⋅ =

= ⋅ =

=

− ⋅∇Φ = −∇ ⋅ Φ + Φ∇ ⋅ = −∇ ⋅ Φ +

⇒ = Φ − Φ ⋅ Φ

∫ ∫

∫ ∫ ∫

∫ ∫∫

E E E E

E E E

E E E E E E E

x x E x xa







       (1.53)   

0δ ε δρ = ∇ ⋅ E

Using 
we obtain 

( )
            ( )

ψ ψ ψ

δ δ δ
δ δ

∇ ⋅ = ⋅∇ + ∇ ⋅

Φ∇ ⋅ = ∇ ⋅ Φ − ⋅∇Φ
= ∇ ⋅ Φ + ⋅

a a a

E E E
E E E

 

1 2
2

1
0, as s d

rrr
rδ∫= Φ ⋅ = → ∞E a



For this integral to vanish, 
the volume of integration 
must be infinite.

 
 
  

By conservation
of energy, this
must be the total

-field energy.E
infinite volume
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d

  E

  A

B     Work done by bringing charge  from    
position  to position  along any path:

         

         

     

         

         

     Thus,  depends onl

( )

y on 

B
A

B
A

B
A
B
A

B A

q
A B

d

d

d

d

W

q

q

q
q

W

⋅

⋅

∇ ⋅

= −

= − ∫

= ∫

= ∫
= −

Φ

Φ
Φ

Φ

∫ F

E







the values of  at  and ,  and it is
independent of the charge's path from  to . This justifies the
concept of potential energy, which implies that the total work done
on  in a round trip along any c

A B
A B

q

Φ

        0  or, by Stokes's theorem, ( )  0   (1.21)
      Since  is an arbitrary surface, we obtain 

losed path  is 0, i.e.

0.
C Sd da

S

C
⋅ = ∇× ⋅ =

∇× =
∫ ∫E E n

E




;  

 is an  due to aninfinitesimal change of 
     infinitesimal displacement .

x y z x y zx y z

x y z

d dx dy dz

d d dx dy dz

d
d

∂Φ ∂Φ ∂Φ
∂ ∂ ∂

∂Φ ∂Φ ∂Φ
∂ ∂ ∂

∇ = + + = + +

⇒ = ∇ ⋅ = + +

⇒

Φ

Φ Φ

Φ Φ

e e e e e e





1.5 Another Equation of Electrostatics and the Scalar Potential (continued)

45

Self-learning



ρ

An alternative derivation of (1.53) and (1.54): Consider a state in
which a charge density ρ (x) has produced an electrostatic potential
Φ (x), i.e. ρ(x) → Φ (x).

Then, by the principle of linear superposition, 
we have       ερ (x) → ε Φ (x), 
where ε is a constant. 

1.11 Electrostatic Potential Energy… (continued)

To find the electric field energy, we consider the energy needed to
build up Φ (x) from ε = 0 (no charge and no potential) to ε = 1 (the
present state). At any stage in the build-up process, the relative
charge density (hence the relative potential) remains the same;
namely, the intermediate state is characterized by the charge density
ερ(x) and potential ε Φ(x).

In such a build-up process, when the potential is εΦ(x), the work
done by adding an incremental charge ρ(x)dε is

3 ( ) ( )vdW d x dε ρ ε= Φ∫ x x 46
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

2
0

1 13
0 0

31
2

Hence, the total work done from 0 to 1 is  
( ) ( )

( )

     
         

             ( )                                                        (1.53)

           

v

v

dW d x dW

d x

ε
ε

ε

ε ε
ρ ε ε

ρ

=
=

− ∇ Φ

= =

Φ= =

= Φ

∫ ∫ ∫

∫

x x

x x

2 3
0

2 3 3
0 0

1
2

1
2

1
2

 

                                                                               (1.54)

      1. If we bring  and  towa: rd e

  [ ]( )

v

n dav v

d x

Ques i qt ons q

d x d x s
ε

ε ε ∂Φ
∂Φ

=

−

= − Φ∇ Φ = ∇Φ ⋅∇Φ −∫ ∫ ∫

∫ E





2 30
2

ach other, the work
        done is negative. Why is then  always positive?
        2. Give one example to show that the -field carries energy.

 (1.54)  

vW d x

w

ε=

⇒

∫ E
E

     Electric Field Energy Density : 2
0

2
0 0 0

1 1 1
2 2 2

1
2         (1.55)

: ( ) ( ) )[ ]
E

E j j j j
j j j

     Note w

ε

ε ε ε∑ ∑ ∑

=

= = ⋅ ≠ ⋅

E

E E E (E E

1.11 Electrostatic Potential Energy… (continued)

~r2

integration over 
infinite volume

1~ r 2
1~ r

Green's 1st identity

For this integral to vanish, the
volume of integration must be .∞
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σ           E 

conductorForce on the Surface of a Conductor: Consider 
a conductor with surface charge on it. At any point
on the surface, the total field (E) outside must be
normal to the surface and the total field inside must
be 0. Applying Gauss’s law, we find Ε =σ/ε0, where σ is the local 
surface charge density at the observation point (upper figure). But the 
local σ by itself will produce equal and opposite fields on 
both sides of σ (call it self field Εself ) and by Gauss’s law selfE selfE

extE extE
which is half of the total E outside. Since the total E inside is 0, all the
external surface charge away from the local σ must have produced an
external field with Eext=Εself =σ/2ε0, which cancels Εself (inside) and
thus doubles Εself (outside). The local σ can only experience a force
due to the field (Εext) produced by the external surface charge. Thus,

0 02(outside) (inside) ,self self selfE E Eσ σ
ε ε+ = ⇒ =

2

02   (see pp. )force on the surface/unit area 42-43extE σ
εσ= =

1.11 Electrostatic Potential Energy… (continued)
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1 1
1

2 2
1

1

  

  : capacitance
   ( ): coefficient of induction  

n
j j

j
n

j j
j

n
n nj j

j

ii
ij

Q C V

Q C V

Q C V

C
C i j

=

=

=

∑

∑

∑

 =

 =




=


≠



Capacitance: Refer to the figure

1 1
1

2 2
1

1

   

  by principle of 
   linear superposition

n
j j

j
n

j j
j

n
n nj j

j

V P Q

V P Q

V P Q

=

=

=

∑

∑

∑

 =

 =




=




3 31 1
2 2

      and  depend on the geometrical shape and position of the 
conductors. Potential energy of the -th conductor is [using (1.53)]   

     ( ) ( )   ( ) ; ( )

ij ij

i i i i i i i i i

P C
i

W d x QV V d x Qρ ρ = Φ = Φ = = 

⇒

∫ ∫x x x x

1 1 1
1 1
2 2

Potential energy
of the system                  (1.62)

n n n
i i ij i j

i i j
QV C VV

= = =
∑ ∑ ∑  = =  

⇒
Invert the 
equations

1.11 Electrostatic Potential Energy… (continued)

 
  

   

             

1 1,  V Q 2 2,    V Q

3 3,  V Q 4 4,  V Q

       
        

A system of         
        conductorsn
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Homework of Chap. 1

( )
( )

Using Dirac delta functions in the appropriate coordinates, express the following charge distributions as
three-dimensional charge densities .
a In spherical coordinates, a charge  uniform

 

Q
ρ

Problem 1.3

x

( )
( )

ly distributed over a spherical shell of radius .
b In cylindrical coordinates, a charge  per unit length uniformly distributed over a cylindrical surface of radius .
c In cylindrical coordinates, a ch

R
bλ

( ) ( )
arge  spread uniformly over a flat circular disc of negligible thickness and radius .

d The same as part c , but using spherical coordinates.
Q R

Each of three charged spheres of radius , one conducting, one having a uniform charge density within its volume, and one 
having a spherically symmetric charge density that varies radiall

 

y
a

Problem 1.4

( ) as > 3 , has a total charge . Use Gauss's theorem 
to obtain the electric fields both inside and outside each sphere. Sketch the behavior of the fields as a function of radius for 
the first two sph

nr n Q−

eres, and for the third with  = 2 ,+2.n −

0

0

 

                                     1
4 2

where  is the magnitude of the electronic charge, and / 2,

The time-averaged potential of a neutral hydrogen atom is given by
rq e r

r
q a

α α
πε

α

−  Φ = + 
 

=

Problem 1.5

0  being the Bohr radius. Find the distribution of charge 
(both continuous and discrete) that will give this potential and intrepret your result physically.

a
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Homework of Chap. 1
A simple capacitor is a device formed by two insulated conductors adjacent to each other. If equal and opposite 
charges are placed on the conductors, there will be a certain difference of 

 Problem 1.6

( )

potential between them. The ratio of 
the magnitude of the charge on one conductor to the magnitude of the potential difference is called the capacitance
in SI unit it is measured in farads . Using Gauss

( )
( ) ( )
( )

’s law, calculate the capacitance of
a wo large, flat, conducting sheets of area , separated by a small distance ;
b wo concentric conducting spheres with radii ,  > ;
c two concentric conducting cyl

t
t

A d
a b b a

( )
( )

inders of length  , large compared to their radii ,  > .
d What is the inner diameter of the outer conductor in an air-filled coaxial cable? whose center conductor is a

      cylindrical wire of diam

L a b b a

11 12eter 1 mm and whose?capacitance is 3 10 F/m? 3 10 F/m?− −× ×

( )a For the three capacitor geometries in Problem 1.6 calculate the total electrostatic energy and express it 
     alternatively in terms of the equal and opposite charges  and  placed o

 

n Q Q−

Problem 1.8

( )

the conductors and the potential
     difference between them.
b Sketch the energy density of the electrostatic filed in each case as a function of the appropriate linear coordinate.

( )
( )
( )

Calculate the attractive force between conductors in the parallel plate capacitor Problem1.6a  and the parallel 
cylinder capacitor Problem 1.7  for
a Fixed charges on each conductor;
b Fixed 

( )

po

Problem 1.9

tential difference between conductors. 
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Homework of Chap. 1

( )
Consider the electrostatic Green functions of Section 1.10 for Dirichlet and Neumann boundary conditions on the surface  bounding 
the volume . Apply Green's theorem 1.35  with integration

S
V

Problem 1.14

( )

2 variable   and  = ( , ), ( , ), with ( , ) 4 ( ). 
Find an expression for the difference? [ ( , ) ( , )]  in terms of an integral over the boundary surface .
a For Dirichlet boundary c

yG G G
G G S

φ ψ πδ′ ′= ∇ = − −
′ ′−

y x y x y z y y z
x x x x

onditions one the potential and the associated boundary condition on the Green function, show that ( , ) 
     must be symmetric in and .
(b)For Neumann boundary conditions, use the boundary condi

DG ′
′

x x
x x

( )

( ) ( ) 

tion 1.45  for ( , ) to show that ( , ) is not symmetric in general, 
     but that ( , ) ( ) is symmetric in x and  

1                                       

, where

    , y

N N

N

Ns

G G
G F

F G da
S

′ ′
′ ′−

= ∫

x x x x
x x x x

x x y


Prove the following theorem: If a number of surfaces are fixed in position with a given total charge on each, the introduction of 
an uncharged, insulated conductor into the region bounded 

Problem 1.16

by the surfaces lowers the electrostatic energy.

52

A volume  in vacuum is bounded by a surface  consisting of several separate conducting surfaces . One conductor is held 
at unit potential and all the other conductors at zero potential

iV S S
Problem 1.17

( )

2 3
0

.

(a)Show that the capacitance of the one conductor is given by 

    whereΦ  is the solution for the potential.

(b)Show that the true capacitance  is always less than or equal to the quantit

V
d

C

C xε= ∇Φ∫
x

[ ] 2 3
0y 

     where Ψ is any trial function satisfying the boundary conditions on the conductors. This is a variation principle for the capacitance 
     that yields  an  .

V
x

upp

C

er bound

dεΨ = ∇Ψ∫
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Unit Systems:
Two systems of electromagnetic units are in common use today:

the SI and Gaussian systems. Regardless of one’s personal
preference, it is important to be familiar with both systems and, in
particular, the conversion from one system to the other. Conversion
formulae can be divided into two categories: “symbol/equation
conversion [such as E and E = q/(4πε0r2)]” and “unit conversion
(such as coulomb)”.

Conversion formulae for symbols and equations are listed in
Table 3 on p. 782 of Jackson and conversion formulae for units in
Table 4 on p. 783 (both tables attached on next page). These two
tables are all we need to convert between SI and Gaussian systems.
Correct use of the tables requires practices.

Appendix A: Unit Systems and Dimensions
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Appendix A: Unit Systems and Dimensions (continued)

Jackson, p. 782, Table 3                           Jackson, p. 783, Table 4 55



Appendix A: Unit Systems and Dimensions (continued)

2
04

     :  
     Consider, for example, the conversion of  the SI equation
                                      (A.1)
into t

                                      q
r

Conversion of  symbols and equations

E
πε

=
he Gaussian system.

     This involves the conversion of symbols and equations. So we use
Table 3. First, we note from Table 3 (top) that mechanical symbols
(e.g. time, length, mass, force, energy, and f

0

0

04

requency) are unchanged 
in the conversion. Thus, we only need to deal with electromagnetic
symbols on  sides of (A.1).
     From Table 3, we find  and 4     (A.2)

     Sub. / 4  

SI SI G

G

GE
both

E q q

E

πε
πε

πε

→ →

0

0
2 2

0 0

4
4 4

and 4 , respectively, for  and  in (A.1),
we obtain the corresponding equation in the Gaussian system:

                         (A.3)                     

G

G
G GG q qE

r r

q E q

E
πε

πε πε

πε

== ⇒
56



Appendix A: Unit Systems and Dimensions (continued)

2
04

     :  
     Consider again the SI equation :  (A.1)

     Given 0.01 m, 1 statcoulomb, we may evaluate  in 3 st

                     q
r

Conversion of  units and evaluation of  physical quantities
E

r q E
πε

=

= =

9

0

12
0

1
36 10

eps:
     Step 1: Express ,  ,  and  in SI units. From Table 3 (bottom) 
                 and Table 4, we find  

8.854 10  Farad/m Farad/m
0.01 m (same as given)                

( 1 stat

 

r q

r
q

π

ε

ε −
×

= × =
=
= 9

1
93 10

21
936 10

4
2

0

1
3 10

4 (0.01)4

       (A.4)
coulomb)  coulomb

     Step 2: Sub. the numbers ( ) from (A.4) into (A.1).

                 This gives  3 10

     Step 3: Look 

q
r

but not the units

E
π

ππε
×

×

×

× ×




 =


= = = ×

4
up Table 4 for the SI unit of . As shown in Table 4,

                 the SI unit of  is V/m. Thus, 3 10  V/m          (A.5)
E

E E = × 57



Appendix A: Unit Systems and Dimensions (continued)

2

     As another exercise, we write (A.1) in the Gaussian system :
                                    (A.3)

and evaluate  for the same  ( 0.01 m) and 

                                             q
r

E

E r q

=

=

{
 ( 1 statcoulomb). 

     Step 1: Express  and  in Gaussian units. From Table 4, we find
( 0.01 m) 1 cm                                             (A.6)1 statcoulomb (same as given)

     Step 2: Sub

r q
r
q

=

= =
=

2
1
1

. the numbers ( ) from (A.6) into (A.3).
                 This gives  1

     Step 3: Look up Table 4 for the Gaussian unit of . We find the
                 unit to be statvolt/

q
r

but not the units
E

E

= = =

4

4

cm. Thus, 1 statvolt/cm            (A.7)
     Table 4 shows 1 statvolt/cm 3 10  V/m. Hence, the 2 results

3 10  V/m  in (A.5) and (A.7):  are identical as expected.
1 statvolt/cm

E

E
E

=

= ×

 = ×
 

=  58



Appendix A: Unit Systems and Dimensions (continued)

      
In the Gaussian system, the basic units are length ( ), mass ( ), and 

time ( ). In the SI system, they are the above plus the current ( ). [See
Table 1 (top) on p. 779 of

m
t I

Units and Dimensions :
     

 Jackson.] All other units are derived units.
     If  a physical quantity is expressed in term of  the basic units, we 
have the dimension of  this quantity. 
     A mechanical quantity has the same dimens

2 2

2 2

ion in both systems. 
For example, the acceleration  ( / ) has the dimension of

. From , we obtain the dimension of  force : , which
in turn gives the dimension of work ( ) or energy: 

a d x dt
t f ma m t

f

− −
=

=
⋅

 



2 2

2
1 2

.
     An electromagnetic quantity has different dimensions in different
systems. For example, the charge  has the SI dimension of . From
the Gaussian equation /  and the dimensions of fo

m t

q It
f q q r

−

=



1/2 3/2 1

2 2

2 3 1 1/ 2

rce and
length, we find the Gaussian dimension of  to be . Since

 has the dimension of energy ( ), the potential  has the SI
dimension of  and the Gaussian dimension of 

q m t
q m t

m t I m
φ φ

−

−

− −





 

1/ 2 1.t− 59



     All physical quantities in an equation must be expressed in the
same unit system and all terms must have the same dimension. For
example, by Stokes's theorem, we have 

                     (
C

d⋅ =∫ E




1
2

)                                        (A.8)
where both terms have the dimension of (the dimension of ).
     In the definition of the delta function: 
                    ( ) 1,   

S

a
a

da
E

x a dxδ

∇× ⋅

⋅

− =∫

∫ E n


1

                                                 (A.9)
the RHS is dimensionless. Thus, if  has the dimension of , ( )
must have the dimension of . However, "0" is  to be regarded
as a dimensio

x x a
not

δ
−

−



nless quantity. This is clear if we write (A.8) as
                    ( )  0.
     Well known equations need not be checked for dimensional
consistency. However, for newly derived equati

C S
d da⋅ − ∇× ⋅ =∫ ∫E E n





ons, a dimensional
check can be a convenient way to find mistakes.

Appendix A: Unit Systems and Dimensions (continued)
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| |    
 

′−
′−− x x

x x

 x

 ′x

 r

    
        

              ( )σ x

( )σ− x

0

 points 
from 
to 

σ
σ
−

+

n
( ) 0

( ) lim ( ) ( )
d

D dσ
→

≡
x

Dipole Layer :

x x x

3

0 0
'

     Assume that, at any given point, the two layers have equal and
opposite surface charge densities (see figure). 

1 ( ) 1 ( ) ( )( ) [ ]
4 | | 4 | | | ( ) |

1       
4

s sd x da da
d

ρ σ σ
πε πε

π

′ ′ ′
′ ′ ′′Φ = = −

′ ′ ′− − − −

=

∫ ∫∫
x x xx

x x x x x x n

0

1 1( )
| | | ( ) |s da

d
σ

ε
 ′ ′− ′ ′− − − 

∫ x
x x x x n

da’=da’’
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1.6 Surface Distributions of Charges and Dipoles… (continued)

d
′→ −

→
b x x
a n

( )

1 2 2

1 22

1 2 2 22 2

2

2 2 3

     Using the binomial expansion: 
( 1)     ( ) ,

2!
we obtain

1 1 1      1 2
| | 2

1 1                 1
2

1 1
| ( ) | |

n n n nn nx y x nx y x y

a
b b bb a

a
b bb b b

d

− −

−

−
+ = + + +

 ⋅
= = + + +  + + ⋅

 ⋅ ⋅
= − − + ≈ − 

 

⇒ ≈
′− −

a b
b a a b

a b a b

x x n





3       [valid for d | |]
| | |

d
′− ′− ⋅ −

′− ′−
x xn x x

x x x x


/ 0a b →

What is the Taylor expansion? 
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0,  if cos 0
0,  if cos 0

d
d

θ
θ

Ω ≥ >
 Ω < <

1.6 Surface Distributions of Charges and Dipoles… (continued)

See figure two 
pages back.

σand d appear as a product here, so it’s meaningful 
to define the product as the dipole layer strength. 

 (1.26)

3

0

0 ( )

1 1
| | | |                                        

1 1     Sub. 
| ( ) | | | | |

1 1 1into ( ) ( ) ,  we obtain
4 | | | ( ) |

1( ) ( ) ( )
4

D

s

d
d

da
d

d

σ
πε

σ
πε

′

′ ′− −
′= −∇ = ∇

′−
≈ − ⋅

′ ′− − − ′−
 ′ ′Φ = − ′ ′− − − 

′ ′Φ = ⋅

∫

x

x x x x

x xn
x x n x x x x

x x
x x x x n

xx x x n


3
0

0
cos

1 1( )
4 | || |

                                                                                                      (1.24)

1 1or ( ) ( )
4 | | |

s sda D da

D

θ

πε

πε
−

′− ′ ′ ′ ′= ⋅∇
′−′−

′−′Φ = ⋅
′− ′−

∫ ∫
x x n

x xx x

x xx x n
x x x





2

2
0

1

 

1 ( )
4|

d

r

s sda D d
πε

− Ω

′ ′= − Ω∫ ∫ x
x




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direction of :      n
 n

0dΩ >
0dΩ <

x

  x
 +

+ +

−
−−

                             See derivation sign of : of  (1.26).d  Ω   

0

0

1 ( )  (1.26)
4

     Rewrite : ( )
1 1( ) (1.24)

4 | |
: (1) The direction of  and sign of  are shown below with

                respect to the polarity of the dipole lay

s

s

D d

D da

Note d

πε

πε

 ′− ΩΦ = 
 ′ ′ ′⋅∇

′−
Ω

∫

∫

x
x

x n
x x

n
er:

          (2) The RHS of (1.24) is an explicit function of  (the position
                of observation). The RHS of (1.26) is an implicit  function
                of , because the total solid an

x

x gle depends on .
 Under what condition will (1.24) and (1.26) be invali: d? Question

x
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  σσ−

d
n

a∆

d

  qq−

p

0a∆ →
dipole layer     point dipole     

0

00 0

: A flat-disc shaped double layer with .

     ( )2 2
electric field between layers: .

 is discontinuous across the dipole layer.

D
d

     Special case 1 D const

D D D

E

     Special case 2

ε

εε ε+ −

⊥

=

Φ − Φ = − − =

 =⇒ 
Φ





0

0

300 0

point                dipole
  dipole                layer

( )1 1 1
4 4| | | |

: Point dipole 
    lim
  

       lim ( )

( ) lim ( )    (

a

a

a

a

a

a

D da

d da d a qd

D daπε πε

σ σ

∆ →

∆ →

∆ →

∆

∆

∆
⋅ − ′

− ′ − ′

′=

′= = ∆ =

′ ′ ′⇒ Φ = ⋅∇ =

∫

∫

∫
p x x

x x x x

p n

n n n

x x n


3| |

1.25)

                                                   − ′
− ′

= x x
x x

1.6 Surface Distributions of Charges and Dipoles… (continued)

(1.24)

=a qσ∆

0
1

4 ( )    (1.26)s D dπε ′Φ = − Ω∫ x
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Dφ ε+ =

02
Dφ ε− = −

d

  σσ−
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